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networks based on the Kolmogorov complexity of their real weights, evolving weights, and real
probabilities, respectively. First, we retrieve the infinite hierarchy of complexity classes of analog
Analog computation networks, defined in terms of the Kolmogorov complexity of their real weights. This hierarchy
Stochastic computation lies between the complexity classes P and P/poly. Next, using a natural identification between
Kolmogorov complexity real numbers and infinite sequences of bits, we generalize this result to evolving networks,
Quantization obtaining a similar hierarchy of complexity classes within the same bounds. Finally, we extend
these results to stochastic networks that employ real probabilities as randomness, deriving a new
infinite hierarchy of complexity classes situated between BPP and BPP/log*. Beyond providing
examples of such hierarchies, we describe a generic method for constructing them based on classes
of functions of increasing complexity. As a practical application, we show that the predictive
capabilities of recurrent neural networks are strongly impacted by the quantization applied to
their weights. Overall, these results highlight the relationship between the computational power
of neural networks and the intrinsic information contained by their parameters.

1. Introduction

Certain brain processes can be regarded as computational in nature. As Churchland and Sejnowski note, “The idea that brains
are computational in nature has spawned a range of explanatory hypotheses in theoretical neurobiology” [1]. In this context, the
question of the computational capabilities of neural networks naturally arises, among many others.

Since the early 1940s, theoretical research on neural computation has focused on comparing the computational power of neural
network models to that of abstract computing machines. In 1943, McCulloch and Pitts modeled the nervous system as a finite
interconnection of logical devices and analyzed the computational capabilities of “nets of neurons” from a logical perspective [2].
Following this approach, Kleene and Minsky demonstrated that recurrent neural networks composed of McCulloch-Pitts (Boolean)
neurons are computationally equivalent to finite-state automata [3,4]. These results laid the foundation for a subsequent line of
research focused on implementing abstract machines on parallel hardware architectures (see e.g., [5,61]).

In 1948, Turing introduced the B-type unorganized machine, a kind of neural network composed of interconnected NAND
neuronal-like units [7]. He suggested that sufficiently large B-type unorganized machines could simulate the behavior of a uni-
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versal Turing machine with limited memory. The Turing universality of neural networks involving infinitely many Boolean neurons
has been further investigated [8]. Moreover, Turing anticipated the concepts of “learning” and “training”, which would later become
central to machine learning. These concepts took shape with the introduction of the perceptron, a formal neuron that can be trained to
discriminate inputs using Hebbian-like learning [9,10]. However, the computational limitations of the perceptron tempered enthusi-
asm for artificial neural networks [11]. This led to a prolonged decline in interest in the field until the 1980s, when the popularization
of the backpropagation algorithm, among other factors, paved the way for the success of deep learning [12].

In the late 1950s, von Neumann proposed an alternative perspective on brain information processing, combining digital and
analog computation [13]. Building on this idea, Siegelmann and Sontag investigated the computational capabilities of sigmoidal
neural networks — as opposed to Boolean ones — and demonstrated that recurrent neural networks composed of linear-sigmoid neurons
with rational synaptic weights are Turing complete [14]. This result was later extended to a broader class of sigmoidal networks [15].

Building on advancements in analog computation [16], Siegelmann and Sontag proposed that the variables involved in underlying
chemical and physical phenomena could be modeled using continuous, rather than discrete (rational) numbers. They introduced the
concept of an analog neural network — a sigmoidal recurrent neural network with real, rather than rational, weights. They demonstrated
that analog neural networks are computationally equivalent to Turing machines with advice, thus operating in polynomial time within
the complexity class P/poly [17]. Consequently, analog networks possess super-Turing capabilities, enabling them to capture chaotic
dynamical features beyond the reach of Turing machines [18]. Based on these findings, Siegelmann and Sontag formulated the Thesis
of Analog Computation — analogous to the Church-Turing thesis in the realm of analog computation — asserting that no reasonable
abstract analog device can surpass the computational power of first-order analog recurrent neural networks [16,17]. These results
were later generalized to the context of infinite computation [19].

Inspired by the learning process in neural networks, Cabessa and Siegelmann explored the computational capabilities of evolving
neural networks [20]. They demonstrated that evolving neural networks with binary, rational or real evolving weights are computa-
tionally equivalent to analog neural networks, and hence, decide the class P/poly in polynomial time.

The computational power of stochastic neural networks has been studied in detail. For rational-weighted networks, the introduc-
tion of a discrete source of stochasticity increases the computational power from P to BPP/log*. However, for real-weighted networks,
the computational capabilities remain unchanged at the P/poly level [21]. In contrast, the presence of analog noise significantly re-
duces the computational power of these systems, limiting them to the capabilities of finite state automata, or even below [22,23].

The refined computational capabilities of recurrent neural networks have been investigated as well. On the one hand, the sub-
Turing capabilities of Boolean rational-weighted networks with 0, 1, 2, or 3 additional sigmoidal cells have been explored [24,25].
On the other hand, the super-Turing computational power of analog neural networks has been refined in terms of the Kolmogorov
complexity of their underlying real weights [26]. As the Kolmogorov complexity of the weights increases, the capabilities of these
analog networks span the gap between the complexity classes P and P/poly.

The computational capabilities of spiking neural networks (as opposed to sigmoidal ones) have also been extensively studied [27].
In this approach, computational states are encoded in the temporal differences between spikes, rather than in the activation values of
the cells. Maass characterized both lower and upper bounds on the complexity of networks composed of classical and noisy spiking
neurons [28,29]. Additionally, he demonstrated that networks of spiking neurons are capable of simulating analog recurrent neural
networks [28]. In a more bio-inspired context, automata and Turing completeness have been achieved with spiking neural networks
composed of cell assemblies [30,31].

In the early 2000s, Paun introduced the concept of a P system — a highly parallel abstract model of computation inspired by the
membrane-like structure of the biological cell — leading to the emergence of a highly active field of research [32]. The capabilities
of various models of so-called neural P systems have been studied [33]. In particular, neural P systems, equipped with a bio-inspired
source of acceleration, have been shown to possess hypercomputational capabilities, spanning all levels of the arithmetical hierar-
chy [34].

In terms of practical applications, recurrent neural networks are natural candidates for sequential tasks, involving time series
or textual data for instance. Classical recurrent architectures, like LSTM and GRU, have been applied with great success in many
contexts [35]. A three-level formal hierarchy of the sub-Turing expressive capabilities of these architectures, based on the notions of
space complexity and rational recurrence, has been established [36]. Echo state networks (ESNs), which are the machine learning
counterpart to liquid state machines (LSMs), are another type of recurrent neural network that has gained increasing popularity due
to their training efficiency [37,38]. The universality of ESNs has been studied from the perspective of functional analysis, showing
that they are capable of approximating different classes of filters for infinite discrete-time signals [39].

In this paper, we revisit and extend the Kolmogorov-based complexity approach to recurrent neural networks, introduced by
Balcézar et al. [26]. Specifically, Kolmogorov complexity measures the compressibility of real numbers. In this context, we provide a
refined characterization of the super-Turing computational power of analog, evolving, and stochastic neural networks, based on the
Kolmogorov complexity of their real weights, evolving weights, and real probabilities, respectively. First, we retrieve the infinite hier-
archy of complexity classes of analog networks, defined in terms of the Kolmogorov complexity of their underlying real weights [26].
This hierarchy lies between the complexity classes P and P/poly. Next, using a natural identification between real numbers and infi-
nite sequences of bits, we generalize this result to evolving networks, obtaining a novel similar hierarchy of complexity classes within
the same bounds. Finally, we extend these results to stochastic networks that employ real probabilities as a source of randomness, and
derive a new infinite hierarchy of complexity classes situated between BPP and BPP/log*. In practical settings, where real-valued
weights cannot be manipulated exactly, weight approximation and compression techniques serve as practical counterparts to the
theoretical concept of Kolmogorov complexity. In a context of time series prediction, we show that the predictive capabilities of
recurrent neural networks are strongly impacted by the amount of quantization applied to their weights.
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Beyond establishing the existence and providing concrete examples of such hierarchies, we describe a general method for con-
structing them based on function classes of increasing complexity. Technically, the separability between non-uniform complexity
classes is achieved through a diagonalization argument, generalizing the previous approach [26]. Overall, these results provide a
unified perspective on the refined computational capabilities of analog, evolving, and stochastic neural networks. They emphasize
the relationship between the computational power of recurrent neural networks and the intrinsic information encoded in their pa-
rameters. They further reinforce the view of recurrent neural networks as a natural model for hypercomputation [40].

This paper is organized as follows: Section 2 discusses the related works. Section 3 introduces the mathematical concepts necessary
for this study. Section 4 presents recurrent neural networks within the framework of echo state networks (ESNs). Section 5 introduces
the various models of analog, evolving, and stochastic recurrent neural networks, highlighting their connections to non-uniform
complexity classes defined by Turing machines with advice. Section 6 presents the hierarchy theorems, which lead to the description
of strict hierarchies of analog, evolving, and stochastic neural network classes. Section 7 explores the practical implications of our
theoretical insights by examining the predictive performance of ESNs as a function of their quantized weights. Finally, Section 8
provides a discussion and concluding remarks.

2. Related works

The computational capabilities of recurrent neural networks (RNNs) have been extensively studied over the years. Kleene and
Minsky first established the equivalence between Boolean recurrent neural networks and finite state automata [3,4]. Later, Siegelmann
and Sontag proved that rational-weighted neural networks are Turing universal [14]. This result was further extended to encompass
a broader class of sigmoidal neural networks, as well as a synaptic-based computational paradigm [15]. In the context of analog
computation, Siegelmann and Sontag characterized the super-Turing capabilities of real-weighted neural networks [17,18]. Cabessa
et al. extended these findings to evolving neural networks [20] and infinite computation [19]. The computational power of various
stochastic [21] and noisy [22,23] neural networks has also been analyzed. Sima investigated the sub-Turing capabilities of Boolean
networks augmented with a small number of sigmoidal neurons [24,25], while Balcazar et al. introduced a hierarchy of analog
networks based on the Kolmogorov complexity of their real weights [26].

Furthermore, the computational power of spiking neural networks has been extensively investigated [27]. The computational
power of bio-inspired neural architectures has also been studied [30,31]. Additionally, since the early 2000s, research on P systems —
particularly neural P systems — has expanded rapidly, leading to a proliferation of models that are generally Turing complete [32,33].

Regarding modern architectures, a hierarchy of the sub-Turing expressive power of LSTM and GRU networks has been estab-
lished [36]. Additionally, the universality of echo state networks has been analyzed through the lens of universal approximation
theorems [39].

3. Preliminaries

The binary alphabet is denoted by £ = {0, 1}, and the set of finite words, finite words of length », infinite words, and finite or
infinite words over X are denoted by Z*, £", ¢, and =%, respectively. Given some finite or infinite word w € =, the i-th bit of w
is denoted by w;, the sub-word from index i to index j is w[i : j], and the length of w is |w|, with |w| = oo if w € Z®.

A Turing machine (TM) is defined in the usual way. A Turing machine with advice (TM/A) is a TM provided with an additional
advice tape and function @ : N — Z*. On every input w € X" of length n, the machine first queries its advice function a(n), writes this
word on its advice tape, and then continues its computation according to its finite program. The advice « is said to be prefix if m <n
implies that a(m) is a prefix of a(n), for all m,n € N. The advice « is called unbounded if the length of the successive advice words
tends to infinity, i.e., if lim,_,  |a(n)| = 0.l In this work, we assume that every advice « is prefix and unbounded, which ensures that
the infinite word lim,,_, , a(n) € £ is well-defined. For any non-decreasing function f : N — N, the advice « is said to be of size f if
|a(n)| = f(n), for all n € N. Let poly be the set of univariate polynomials with integer coefficients and log be the set of functions of
the form n — Clog(n) where C € N. The advice « is called polynomial or logarithmic if it is of size f € poly or f € log, respectively.
In this wwork, any TM/A M equipped with some prefix unbounded advice is assumed to satisfy the following additional consistency
property: for any input w € X" of length n, M accepts w using advice a(n) iff M accepts w using advice a(n’), for all n’ > n.

The class of languages decidable in polynomial time by some TM is P. The class of languages decidable in time # : N - N by
some TM/A with advice « is denoted by TMA[a,t]. Given some class of advice functions .4 C (X*)V and some class of time functions
7 ¢ NN, we naturally define

TMA [A. T | = U U TMA [a,1] .
aEAET
The class of languages decidable in polynomial time by some TM/A with polynomial prefix and non-prefix advice are P/poly* and
P/poly, respectively. It can be noticed that P/poly* = P/poly.
A probabilistic Turing machine (PTM) is a TM with two transition functions. At each computational step, the machine chooses one
or the other transition function with probability %, independently from all previous choices, and updates its state, tapes’ contents,
and heads accordingly. A PTM M is assumed to be a decider, meaning that for any input w, all possible computations of M end up

1 Note that if a is not unbounded, then it can be encoded into the program of a TM, and thus, doesn’t add any computational power to the TM model.
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either in an accepting or in a rejecting state. The random variable corresponding to the decision (0 or 1) that M makes at the end
of its computation over w is denoted by M(w). Given some language L C ¥*, we say that the PTM M decides L in time t : N — N if,
for every w € ¥*, M halts in #(Jw|) steps regardless of its random choices, and Pr[M(w)=1] > % if we L and PriM(w) =0]> % if
w ¢ L. The class of languages decidable in polynomial time by some PTM is BPP. A probabilistic Turing machine with advice (PTM/A)
is a PTM provided with an additional advice tape and function « : N — X*. The class of languages decided in time ¢ by some PTM/A
with advice « is denoted by PTMA[a,t]. Given some class of advice functions .A C (Z*)N and some class of time functions 7 C NV,
we also define

PTMA [4,7] = | | JPTMA e, 1.
aEAeT
The class of languages decidable in polynomial time by some PTM/A with logarithmic prefix and non-prefix advice are BPP /log*
and BPP/log, respectively. In this probabilistic case however, it can be shown that BPP/log™ C BPP/log.
In the following, we will examine the size of the advice functions. Hence, we define the following non-uniform complexity classes.>
Given a class of languages (or associated machines) C C 2=* and a function f : N — N, we say that L € C/f* if there exist some
L' € C and some prefix advice function « : N — =* such that, for all n € N and for all w € ", the following properties hold:

@) |a(n)| = f(n), for all n > 0;
(i) we Ls (w,a(n)eL’;
(i) (w,am) e L’ < (w,ak)) e L', forall k> n.

Given a class of functions F C NV, we naturally set

c/rr=Jc/r
fEF
For instance, the class of languages decidable in polynomial time by some Turing machine (resp. probabilistic Turing machines) with
prefix advice of size f is P/ f* (resp. BPP/f*). The non-starred complexity classes C/f and C/F are defined analogously, except
that the prefix property of @ and the last condition are not required.
For any word w = wyw w, -+ € =@ the base-2 and base-4 encoding functions , : Z=* — [0,1] and &, : Z=® — [0, 1] are respec-
tively defined by

[w] Jwl|
w; +1 2w; + 1
by (w) = 2 2,i+1 and 0y (w) = 2 4;+1

i=l i=

It can be shown that §, : ¢ — [0, 1] is injective, which means that no two words have the same base-4 encoding [14]. Defining
A :=§,(2?) C [0,1] ensures that the restriction §, : £=? — A is bijective, which guarantees that 571 is well-defined on the domain
A. For any real r € A, its base-4 expansion is defined as 7 = 54_1(r) =ryrry - € X%, For any R C A, we define R= 5;1(R) ={F:.re
R} C =,

Finally, for any probability space Q and any events A,..., A, C Q, the probability that at least one of the events A; occurs can
be bounded using the union bound:

Pr <LHJ Ai> < iPr(A,-).
i=1

i=1
4. Recurrent neural networks

We consider a specific model of recurrent neural networks that follows the echo state network architecture [37]. More specifically,
a recurrent neural network consists of an input layer, a pool of interconnected neurons — often referred to as the reservoir — and an
output layer, as illustrated in Fig. 1. These networks process finite words over the alphabet £ = {0, 1} using an input-output encoding
described below. Consequently, they are capable of recognizing formal languages.

Definition 1. A rational-weighted recurrent neural network (RNN) is a tuple
0
N = (X, h,y, Wim Wres’ Wout’ h )

where

* X = (xg,x1) is a sequence of two input cells, the data input x, and the validation input x;
* h=(hy,...,hg_;) is a sequence of K hidden cells, referred to as the reservoir;

2 This definition is non-standard. Usually, non-uniform complexity classes are defined with respect to a class of advice functions H C (Z*)V instead of a class of
advice functions’ size F C NN,
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data data
10100000 - ST 0000 0
i V(s/n cells W,
res
11111000-—-O— 0000 1
validation -7 validation
e

Fig. 1. A recurrent neural network. The network is composed of two Boolean input cells (data and validation), two Boolean output cells (data and validation) and a
set of K hidden cells, the reservoir, that are recurrently interconnected. The weight matrices W;,,, W, and W, labeling the connections between these layers are
represented. In this illustration, the network reads the finite word 10100 by means of its data and validation input cells (blue), and eventually rejects it, as shown by
the pattern of the data and validation output cells (red).

y = (¥o, ¥1) is a sequence of two output cells, the data output y, and the validation output y,;

« W, € QX*C*D is q matrix of input weights and biases, where w, ; is the weight from input x; to cell h;, for j #2, and wy, is the bias
of h;

© W, € QK%K is a matrix of internal weights, where w; ; is the weight from cell h; to cell h;;

Wt € Q2K is a matrix of output weights, where w; ; 1s the weight from cell h; to output y;;
« h'= (hO, ,h‘;(_ 1) € [0,1]X is the initial state of N, where each component h? is the initial activation value of cell h;.

The activation value of the cell x;, h; and y, at time 7 is denoted by xl’. €{0,1}, h* €[0,1] and y;{ € {0, 1}, respectively. Note that
activation values of input and output cells are Boolean, as opposed to those of the hidden cells. The input, output and (hidden) state
of N at time ¢ are the vectors

X' =(xf.x)eB, y =(y).¥)) €B” and W =(h,....H}_) €0, 1],

respectively. Given some input x’ and state h’ at time ¢, the state h’*! and the output y'*! at time ¢ + 1 are computed by the following
equations:

Wt =6 (W (x' 1 1)+ W,h') 1)
yr+1 -0 (WouthH—l) 2)

where (x! : 1) denotes the vector (XE)’ x’l, 1), and o and 0 are the linear sigmoid and the hard-threshold functions respectively given by

0 ifx<0 0 ifx<0
o(x)=9x f0<x<1 and 6(x)= TX .
1 ifx>1
1 ifx>1

The constant value 1 in the input vector (x' : 1) ensures that the hidden cells h receive the last column of W;, € Q¥X?+D as biases
at each time step ¢ > 0. The bias of cell h; will be denoted as w,.

An input x of length n for the network A is an infinite sequence of inputs at successive time steps t =0, 1,2, ..., where the first n
data bits correspond to the finite word transmitted to N, the first n validation bits are set to 1, and the remaining data and validation
bits are set to 0. Formally, an input x is defined as

x=x%x! .. x""10” e (Bz)w

where x/ = (xé), 1) with xé) €{0,1} fori=0,...,n—1, and 0 = (0,0). Suppose that the network A starts in the initial state h® and
processes the input x step by step. The dynamics given by Equations (1) and (2) ensures that N’ generates the sequences of states
and outputs

h=h’h'n? .- ([0, 1]%)"

]
y=y'y’y’ € (B
step by step, where y : = N(x) is the output of N associated with input x.
Let w = wyw; - w,_; € X" be a finite word of length » and let 7 € N be an integer. The word w € X* can naturally be associated
with the input

w=wlw!...wl0v e (B2>w

defined by w' = (xé), x"l) = (w;, 1), for i =0, ...,n— 1. In other words, the input w corresponds to the pattern

5
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§'=w0w]~~wn,1000---
o= 1 1 - 1 000 -

where data bits represent the successive input bits transmitted to the network and the validation bits indicate whether a data bit is
actively being processed or not (see Fig. 1). The word w is said to be accepted or rejected by N in time t if the output

N(w) =y= y1y2 yrow c (Bz)w
satisfies yi =(0,0), fori=1,...,7—1,and y* =(1,1) or y* = (0, 1), respectively. In this case, the output y corresponds to the pattern

y§y(1)y§--~=00~~yf00~--
yly}yl e =00--100 -

where y[ =1 or y] =0, respectively.
Let f : N = N be a non-decreasing function. The word w is said to be accepted or rejected by N in time f if it is accepted or
rejected in time 7 < f(n), respectively.® A language L C X* is decided by N in time f if for every word w € X*,

w € L implies that w is accepted by N in time f and
w ¢ L implies that w is rejected by N in time f.

A language L C X* is decided by N in polynomial time if L is decided by N in time f, for some polynomial function f : N — N. If it
exists, the language decided by N in time f is denoted by L f(N ). Besides, a network N is said to be a decider if any finite word is
eventually accepted or rejected by it. In this case, the language decided by N is unique and is denoted by L(N'). We will assume that
all the networks that we consider are deciders.

Recurrent neural networks with rational weights have been proven to be computationally equivalent to Turing machines [14].

Theorem 1. Let L C X* be a language. The following conditions are equivalent:

(i) L is decidable by some TM;
(ii) L is decidable by some RNN.

Proof. (sketch) (ii) — (i): The dynamics of any RNN N is governed by Equations (1) and (2), which involves only rational weights,
and hence, can clearly be simulated by some Turing machine M.

(i) — (ii): We provide a sketch of the original proof [14]. This proof is based on the fact that any finite (and infinite) binary word
can be encoded into the activation value of a neuron, and decoded from this activation value bit by bit. This idea will be utilized in
subsequent proofs. First of all, recall that any TM M is computationally equivalently to, and can be simulated in real time by, some
p-stack machine S with p > 2. We thus show that any p-stack machine S can be simulated by some RNN . To this end, we encode
every stack content

w=uwy-w,_, €{0,1}"

as the rational number

n—1
2-w;+1
Gu=384w)= Y, — 7 €0.1].

i=l

For instance, w = 1110 is encoded into g, = % + % + % + 2;—6 With this base-4 encoding, the required stack operations can be

performed by simple functions involving the sigmoid-linear function o, as described below:

+ Reading the top of the stack: top(q,,) = 6(4q,, —2)
« Pushing 0 into the stack: pushy(q,,) = G(%Qw + %)
+ Pushing 1 into the stack: push;(q,,) = o-(iqw + %)

« Popping the stack: pop(q,,) = o(4q,, — (2top(q,,) + 1))
+ Testing emptiness of the stack: empty(q,,) = c(4q,,)

Hence, the content w of each stack can be encoded into the rational activation value g,, of a stack neuron, and the stack operations
(reading the top, pushing 0 or 1, popping and testing the emptiness) can be performed by simple neural circuits implementing the
functions described above.

We can therefore design an RNN N which correctly simulates the p-stack machine S. The network N contains 3 neurons per
stack: one for storing the encoded content of the stack, one for reading the top element of the stack, and one for storing the answer

3 The choice of the letter f (instead of 1) for referring to a computation time is deliberate, since the computation time of the networks will be related to the advice
length of the Turing machines.
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Fig. 2. Construction of an RNN simulating a p-stack machine.

of the emptiness test of the stack. Moreover, N contains two pools of neurons implementing the computational states and transition
function of S, respectively. For any computational state, input bit and stack contents, N computes the next computational state and
updates the stack contents according to the transition function of S. In this way, the network N simulates the behavior of the p-stack
machine S correctly. The network N is illustrated in Fig. 2. []

The simulation process described in the proof of Theorem 1 is performed in real time. More precisely, if a language L C X* is
decided by some TM in time f(n), then L is decided by some RNN in time f(n) + O(n). Hence, when restricted to polynomial time
of computation, RNNs decide the complexity class P.

Corollary 2. Let L CX* be a language. The following conditions are equivalent:

i) LeP;
(i) L is decidable by some RNN in polynomial time.

5. Analog, evolving and stochastic recurrent neural networks

We now introduce analog, evolving and stochastic recurrent neural networks, which are all variants of the RNN model. In polyno-
mial time, these models capture the complexity classes P/poly, P/poly and BPP/log*, respectively, which strictly contain the class
P and include non-recursive languages. Based on these considerations, these augmented models have been qualified as super-Turing.
A tight characterization of these models in terms of Turing machines with specific kinds of advice is provided.

5.1. Analog networks

An analog recurrent neural network (ANN) is an RNN as defined in Definition 1, except that the weight matrices are real instead of
rational [17]. Formally, an ANN is an RNN

N = (X, h,y, Vvin7 wres’ Wout’ ho)

such that

W, € RFXCHD W e RKXK and W, € R>*K,

The definitions of word acceptance and rejection, as well as language recognition, are the same as for RNNs.

It can be shown that any ANN M containing the irrational weights r|,...,r, € R \ Q is computationally equivalent to some ANN
N that uses only a single irrational weight » € R \ Q, where r € A C [0, 1] and r serves as the bias wyy, of the hidden cell A, [17].
Hence, without loss of generality, we focus on such networks. Let r € A and R C A.

+ ANN[r] denotes the class of ANNs such that all weights but wy, are rational and w, =r.
+ ANN[R] denotes the class of ANNs such that all weights but wy, are rational and wg, € R.

In this definition, r is allowed to be a rational number. In this case, an ANN(r] is just a specific RNN.
In exponential time, analog recurrent neural networks can decide all possible languages. Specifically, any language L C ¥* can
be encoded into the infinite word 7; € X“, where the i-th bit of 7; is 1 if and only if the i-th word of * belongs to L, according to
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some enumeration of X*. Thus, we can construct an ANN containing the real weight r; = 6,(7; ), which, for any input w, determines
whether w € L or w ¢ L by decoding 7; and reading the corresponding bit. In polynomial time, however, ANNs decide the complexity
class P/poly and are therefore computationally equivalent to Turing machines with polynomial advice (TM/poly(A)). The following
result holds [17]:

Theorem 3. Let L C X* be a language. The following conditions are equivalent:

() L eP/poly;
(i) L is decidable by some ANN in polynomial time.

Given an ANN N and some g € N, the truncated network N'| o Is defined as the network N in which all weights and activation
values are truncated to g precision bits at each step of the computation. The following result shows that, up to time ¢, the network
N can restrict itself to O(q) precision bits without affecting the outcome of its computation [17].

Lemma 4. Let N be an ANN computing in time f : N — N. Then, there exists a constant ¢ > 0 such that, for every n € N and every input
w € X", the networks N and N'| f(,) produce the same outputs up to time f (n).

The computational relationship between analog neural networks and Turing machines with advice can actually be strengthened.
To this end, for any non-decreasing function f : N — N and any class of such functions 7, we define the following classes of languages
that are decided by analog neural networks in time f and F, respectively:

ANN[r, f1={LCZ”: L= L/(N) for some N' € ANN[r]}
ANN[R,F1=J [ J ANNIr, £1.
reR feF

In addition, for any real r € A with base-4 expansion 7 = ryr;r, -:- € Z* and any function f : N — N, the prefix advice a(7, f) :
N — Z* of length f associated with r is defined by

alF, f)n) =rory = r -1

for all n € N. For any set of reals R C A with base-4 expansions R and any class of functions 7 C NV, we naturally set

«RF) = | ta® 1)
FERSEF
Conversely, note that any prefix unbounded advice a : N — X* is of the form a(F, f), where 7 = lim,
defined by f(n) = |a(n)|.
The following result clarifies the tight relationship between analog neural networks with real weights and Turing machines
with related advices. Note that the real weights of the networks correspond precisely to the advice used by the machines, and
the computation time of the networks is related to the advice length of the machines.

an)€X? and f : N> Nis

n—0o

Proposition 5. Let r € A be a real weight and f : N — N be a non-decreasing function.

(D ANN[r, f1C TMA [a(F,c[),0(f3)], for some ¢ > 0.
(i) TMA [a(7, f), /1S ANN{r,O(f)].

Proof. (i) Let L € ANN[r, f]. Then, there exists an ANN[r] N such that L f(N ) = L. By Lemma 4, there exists a constant ¢ > 0
such that the network N and the truncated network N, f(ny Produce the same outputs up to time step f(n), for all n € N. Now,
consider Procedure 1 below. In this procedure, all instructions except the query one (line 1) are recursive. Besides, the simulation
of each step of N|, f(n involves a constant number of multiplications and additions of rational numbers, all representable by ¢ f(n)
bits, and can thus be performed in time O(f2(n)) (for the products). Consequently, the simulation of the f(n) steps of N leron can
be performed in time O(f3(n)). Hence, Procedure 1 can be simulated by some TM/A M using advice a(F,cf) in time O(f3(n)). In
addition, Lemma 4 ensures that w is accepted by M iff w is accepted by N, for all w € £*. Hence, L(M) = L(N') = L, and therefore
L eTMA [a(F,cf),0(f%)].

(ii) Let L € TMA [a(F, f), f]. Then, there exists a TM/A M with advice a(7, f) such that L (M) = L. We show that M can be
simulated by some analog neural network N with real weight r. The network N simulates the advice tape of M as described in the
proof of Theorem 1: the left and right contents of the tape are encoded and stored into two stack neurons x; and x,, respectively, and
the tape operations are simulated using appropriate neural circuits. On every input w € X", the network N works as follows. First,
N copies its real bias r = §,(rgr,r, -++) into neuron x,. Every time M reads a new advice bit r;, then N pops r; from x,, which thus
updates its activation value to 6,(r;, ;4 --*), and pushes r; into neuron x,;. This process is performed in constant time. At this point,
neurons x; and x, contain the encodings of ryr; -+ r; and r;, r;,, -+, respectively. Then, N can simulate the recursive instructions of
M in the usual way, in real time, until the next bit r;,; is read [14]. Overall, N simulates the behavior of M in time O(f(n)).

8



J. Cabessa and Y. Strozecki Information Sciences 711 (2025) 122104

Procedure 1

Input: input w € X"
1 Query the advice a(F, ¢ f)(n) = rory = re o1
2 forr=0,1,...,f(n)—1 do
3 |_ Simulate the truncated network N[, () Which uses the rational approximation 7= 6,(rory = r.s,-1) of r as its weight;

4 return Output of Nhf(n) over w at time step f(n)

We now show that M and N output the same decision for input w. If M does not reach the end of its advice word a(n), the
behaviors of M and N are identical, and so are their outputs. If at some point, M reaches the end of a(n) and reads successive blank
symbols, then N continues to pop the successive bits |4, 7|a(m|+1 -+ from neuron x,, to push them into neuron x;, and to simulates
the behavior of M. In this case, N simulates the behavior of M working with some extension of the advice a(n), which, by the
consistency property of M (cf. Section 3), produces the same output as if M were working with the advice a(n). In this way, w is
accepted by M iff w is accepted by N, and thus L(M) = L(N'). Therefore, L € ANN[r,O(f)]. [

The following corollary shows that the classes of languages decided in polynomial time by analog networks with real weights and
by Turing machines with related advices are the same.

Corollary 6. Let r € A be a real weight and R C A be a set of real weights.

(i) ANN [r,poly| = TMA [a(F, poly), poly|.
(i) ANN R,poly] =TMA [a(R, poly), poly].

Proof. (i) Let L € ANN [r,poly|. Then, there exists f € poly such that L € ANN[r, f]. By Proposition 5-(i), L € TMA[a(F,cf),
O(f?)), for some ¢ > 0. Thus L € TMA [a(F, poly), poly]. Conversely, let L € TMA [a(F, poly), poly]. Then, there exist f, f' € poly
such that L € TMA [a(?, I f ] By the consistency property of the TM/A, we can assume without loss of generality that f' = f. By
Proposition 5-(ii), L € ANN[r,O(f)], and hence L € ANN [r, poly].

(ii) This point follows directly from point (i) by taking the union over all r€ R. []

5.2. Eyolving networks

An evolving recurrent neural network (ENN) is an RNN where the weight matrices can evolve over time within a bounded space
instead of remaining static [20]. Formally, an ENN is a tuple

N = (%03 (W) s (W) s (Wh) ey 1)

where x, h,y,h0 are defined as in Definition 1, and

t Kx(2+1) t KXK t 2XK
W, ,€Q » Wi EQ and W €Q7".

are input, reservoir and output weight matrices at time 7, such that ||W£ll [l max = ||W’r esllmax = ||W:)ut | max < C for some constant C > 1
and for all 7 € N. The boundedness condition expresses the fact that synaptic weights are confined within a certain range of values
imposed by the biological constitution of neurons. The successive values of an evolving weight w;; are denoted by (wﬁj),eN. The

dynamics of an ENN are given by the following adapted equations:
b+ =6 (W] (' 1)+ WL ') ©)
1_ 1
y*t=0(W, h*'). @

The definitions of word acceptance and rejection, as well as of language decision, are the same as those used for RNNs.

In this case, it can also be shown that any ENN AN containing the evolving weights ¢;,...,¢, € [-C,C]® is computationally
equivalent to some ENN N containing only one evolving weight & € [-C, C]®, such that & evolves only between the binary values
0 and 1, i.e.,, ¢ € £, and e represents the evolving bias (w62),eN of the hidden cell i [20]. Hence, without loss of generality, we
restrict our attention to such networks. Let & € = be a binary evolving weight and let E C =®.

+ ENNJe] denoted the class of ENNs such that all weights but wy, are static, and (w62)t€N =e.
+ ENN[E] denotes the class of ENNs such that all weights but wy, are static, and (Wyren € E.

Like analog networks, evolving recurrent neural networks can decide any possible language in exponential time. In polynomial
time, they decide the complexity class P/poly, and are thus computationally equivalent to Turing machines with polynomial advice

(TM/poly(A)). The following result holds [20]:

Theorem 7. Let L C X* be a language. The following conditions are equivalent:
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(i L P/poly;
(ii) L is decidable by some ENN in polynomial time.

An analogous version of Lemma 4 holds for the case of evolving networks [20]. Note that the boundedness condition on the
weights is involved in this result.

Lemma 8. Let N be an ENN computing in time f : N — N. Then, there exists a constant c such that, for every n € N and every input
w € X", the networks N and N'|, s, produce the same outputs up to time f(n).

Once again, the computational relationship between evolving neural networks and Turing machines with advice can be strength-
ened. To this end, we define the following classes of languages decided by evolving neural networks in time f and F, respectively:

ENN[e, f1={LCX”: L=L(N) for some N' € ENN[¢] }
ENN[E, 7] = J [ ENNIZ, £1.

¢eE fEF

For any € € £ and any function f : N — N, we consider the prefix advice a(e, f) : N - £* associated with e and f defined by

a(e, f)(n) = egey - e s

for all n € N. Conversely, any prefix advice a : N — Z* is clearly of the form a(e, f), where & =1lim,
forall neN.
The following relationships between neural networks with evolving weights and Turing machines with related advice hold:

a(n) € Z® and f(n) = |a(n)|

n—oo

Proposition 9. Let e € £ be a binary evolving weight and f : N — N be a non-decreasing function.

(D ENN[z, f1C TMA [a(2,cf),0(f?)], for some ¢ > 0.
(i) TMA [a(@, f), f1CENN[e,O(f)].

Proof. The proof is very similar to that of Proposition 5.

(i) Let L € ENN|é, f]. Then, there exists an ENN[e] N such that L f(N )= L. By Lemma 8, there exists a constant ¢ > 0 such
that the network N and the truncated network N, 7(n Produce the same outputs up to time step f(n), for all n € N. Now, consider
Procedure 2 below. In this procedure, all instructions except the query one are recursive. Procedure 2 can be simulated by some
TM/A M using advice a(é, f) in time O(f3(n)), as described in the proof of Proposition 5. In addition, M and N decide the same
language L, and therefore L € TMA [a(e', ), O(f3)].

Procedure 2

Input: input w € £
1 Query the advice a(@, f)(n) = ege; = e -1
2 fort=0,1,..., f(n) do
3 |_ Simulate the truncated network N'|, fny Which uses w’o2 =e¢, as the current value if its evolving weight;

4 return Output of V|, over w at time step f(n)

(ii) Let L € TMA [a(e, f), f]. Then, there exists some TM/A M with advice (¢, f) such that L (M) = L. The machine M can be
simulated by the network N with evolving weight & =eje e, -+ as follows. First, N simultaneously counts and pushes into a stack
neuron x, the successive bits of € as they arrive. Then, for k = 1,2,... and until it produces a decision, N proceeds as follows. If
necessary, N waits for x, to contain more than 2* bits, copies the content eje; - ey -+ of x, in reverse order into another stack
neuron x,, and simulates M with advice eye; -+ ey -+ in real time. Every time M reads a new advice bit, N tries to access it
from its stack x,. If x,, does not contain this bit, then N restarts the whole process with k + 1. When k = log(f(n)), the stack
X, contains 2k = f(n) bits, which ensures that N properly simulates M with advice egey -+ ey Hence, the whole simulation

process is achieved in time O(Zlkofif ) 2ky = 2108/ +1) = O( (). In this way, M and N decide the same language L, and M
is simulated by N in time O(f). Therefore, L € ENN[¢,0(f)]. [

The classes of languages decided in polynomial time by evolving networks and by Turing machines using related advices are the
same.

Corollary 10. Let & € = be a binary evolving weight and E C X be a set of binary evolving weights.

(0 ENN [¢,poly| = TMA [a(&, poly), poly].
(i) ENN [E, poly| = TMA [a(E, poly), poly].

10
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Proof. The proof is similar to that of Corollary 6. []
5.3. Stochastic networks

A stochastic recurrent neural network (SNN) is an RNN as defined in Definition 1, except that the network contains additional
stochastic cells as inputs [16]. Formally, an SNN is an RNN

N = (Xv h,y, Wi, Wres’ Woul’ ho)

such that x = (xg, X, X, *, Xy 1), Where xy and x; are the data and validation input cells, respectively, and x,,...,x;, are k
additional stochastic cells. The weights are assumed to be rational, and the dimension of the input weight matrix is adapted, namely
W;, € QKX(+2+D Each stochastic cell x; is associated with a real probability p; € [0, 1], and at each time step > 0, the activation
of the cell x§ takes value 1 with probability p;, and value 0 with probability 1 — p;. The dynamics of an SNN is then governed by
Equations (1) and (2), but using x’ = (xg, x’l,xtz, ,x;H) € B**2 as inputs, for all 7 > 0.

Consider some SNN N and some input w = wyw; -+ w,_; € ". We assume that w is decided by N in the same amount of time
7(n), regardless of the random pattern of the stochastic cells x; € {0,1},fori=2,...,k+1. Hence, the number of possible computations
of M over w is finite. The input w is accepted (resp. rejected) by N if the number of accepting (resp. rejecting) computations out of
the total number of computations on w is greater than or equal to 2/3. This means that the error probability of A is bounded by
1/3.If f : N - N is a non-decreasing function, we say that w is accepted or rejected by N in time f if it is accepted or rejected in
time 7(n) < f(n), respectively. We assume that any SNN is a decider. The definition of language decision is the same as in the case of
RNNSs.

Once again, any SNN is computationally equivalent to some SNN with only one stochastic cell x, associated with a real probability

p € A [16]. Without loss of generality, we restrict our attention to such networks. Let p € A be a probability and let P C A.

+ SNN[p] denotes the class of SNNs such that the probability of the stochastic cell x, is equal to p.
+ SNN[P] denotes the class of SNNs such that the probability of the stochastic cell x, is equal to some p € P.

In polynomial time, the SNNs with rational probabilities decide the complexity class BPP. In contrast, the SNNs with real prob-
abilities decide the complexity class BPP/log*, and hence, are computationally equivalent to probabilistic Turing machines with
logarithmic advice (PTM/log(A)). If real weights are allowed (which is not the case in our definition), SNNs become equivalent
to ANNSs, regardless of whether their probabilities are rational or real, and hence, decide the class P/poly. Here, we focus on the
following result [16]:

Theorem 11. Let L C X* be a language. The following conditions are equivalent:

(i) L € BPP/log*;
(ii)) L is decidable by some SNN in polynomial time.

As with the two previous models, we define the following classes of languages decided by stochastic neural networks in time f
and F, respectively:

SNN[p, f1={LCZ”: L=L(N) for some N € SNN[p] }
SNN[P,F] = U U SNN[p, f1.

pEP fEF
The tight relationships between stochastic neural networks using real probabilities and Turing machines with related advices can
now be described in detail. Note that, in this case, the advice of the machines is logarithmically related to the computation time of
the networks.

Proposition 12. Let p € A be a real probability and f : N — N be a non-decreasing function.

@ SNNIp, /1< PTMA [a(p,log(5/)), O(f?)].
(i) PTMA [a(p,log(/)), f] €SNN [p,O0(f?)].

Proof. (i) Let L € SNN|p, f]. Then, there exists an SNN[p] N deciding L in time f. Note that the stochastic network N can be
considered as a classical rational-weighted RNN with an additional input cell x,. Since N has rational weights, it can be noticed that,
up to time f(n), the activation values of its neurons are always representable by rational numbers with O(f(n)) bits. Now, consider
Procedure 3 below. This procedure can then be simulated by some PTM/A M using advice a(p,log(5f)) in time O(f 3), as described
in the proof of Proposition 5.

It remains to show that A and M decide the same language L. For this purpose, consider a hypothetical device M’ working as
follows: at each time 7, M’ takes the sequence of bits b generated by Procedure 3 and concatenates it with some infinite sequence

11
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Procedure 3

Input: input w € X"
1 Query the advice a(p,10g(5/))(1) =P pg = PoP1 *** Piog(s f(ny)-1
2 forr=0,1,...,f(n)—1 do
3 Draw a sequence of independent fair bits b 1= byb; + bioe(s (-1
4 if b <, Py then ¢, =1
5 else ¢, =0
6 Simulate network NL-/(,,) at time ¢ with x’2 =c
7

return Output of N'|, f(n) OVer w at time step f(n)

of bits 5’ € £” drawn independently with probability %, producing the infinite sequence b5’ € . Then, M’ generates the bit =1
iff bb’ <,,, p, which happens precisely with probability p, since p = 6,(p) [41]. Finally, M’ simulates the behavior of A at time ¢
using the stochastic bit x’2 =c/. Clearly, M’ and N produce random bits with same probability p, behave in the same way, and thus
decide the same language L. We now evaluate the error probability of M in deciding L by comparing the behaviors of M and M’.
Let w € X" be some input and let

P 2= a(p,10g(5f))(n) = popy *+* Progsf(my-1 and Pag=02(Bag) -

According to Procedure 3, at each time step 7, the machine M generates ¢, = 1 iff b <,,, p A(» which happens precisely with probability
P> since py = 6,(5y,) [41]. On the other hand, M’ generates cl’ = 1 with probability p, showing that M and M’ might differ in
their decisions. Since p,, is a prefix of p, it follows that p,, < p and

o)

po 1)
201 = logB/m)  5£(n)

P—Pm~=
i=log(5f(n))

In addition, the bits ¢, and ¢/ are generated by M and M’ based on the sequences b and bb’ satisfying b <,,, bb'. Hence,

77 1
Pr Y= Pr(p g <jox DB <jox P) =P —Ppq < .
(Ct * C,) (pM lex lex p=p Pm = 5/ (n)
By a union bound argument, the probability that the sequences ¢ = cyc; - ¢ -1 and & = c(’) c; C} et generated by M and M/
differ satisfy

Pr(E#E’)Sﬁf(n)z% and thus Pr(EzE’)Zl—%.

Since M’ classifies w correctly with probability at least %, it follows that M classifies w correctly with probability at least (1 — é)% =
% > % This probability can be increased above % by repeating Procedure 3 a constant number of time and taking the majority
of the decisions as output [41]. Consequently, the devices M, M’ and N all decide the same language L, and therefore, L €
PTMA [a(p,10g(5/)), O(/?)].

(ii) Let L € PTMA[a(p,log(f)), f]. Then, there exists a PTM/log(A) M with logarithmic advice a(p,log(f)) deciding L in time
/. For simplicity purposes, let the advice of M be denoted by p = py ** Piog(s(ny—1 (P is not anymore the binary expansion of p from
now on). Now, consider Procedure 4 below. The first for loop computes an estimation p’ of the advice p defined by

B =2y Plog(pamy-1 =87 (010 = log(f () — 1]
where

k(n)—1
p'= Y b and k(n)="10p(1 - p)f*(n)"

and the b; are drawn according to a Bernouilli distribution of parameter p. The second for loop computes a sequence of random
choices

€= Craut

using von Neumann’s trick to simulate a fair coin with a biased one [41]. The third loop simulates the behavior of the PTM/log(A)
M using the alternative advice 5’ and the sequence of random choices ¢. This procedure can clearly be simulated by some SNN[p]
N in time O(k +2f) = O(f?), where the random samples of the bits b,’s are given by the stochastic cell and the remaining recursive
instructions are simulated by a rational-weighted sub-network.

It remains to show that M and N decide the same language L. For this purpose, we estimate the error probability of N in
deciding language L. First, we show that 5’ is a good approximation of the advice p of M. Note that, since p and p’ have length
log(f(n)), one has that p’ # p iff |p’ — p| > m = -L_. Note also that, by definition, p’ = %, where #1 ~ B(k(n), p) is a binomial

fm'
random variable of parameters k(n) and p with E(#1) = k(n)p and Var(#1) = k(n)p(1 — p). It follows that

12
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Procedure 4

Input: input w € X"
1 fori=0,...,k(n) :="10p(1 — p)f*(n)" do
|_ Draw a random bit b; with probability p

Compute the estimation of the advice of M ' = p| ---‘ul’og(/("»iI = Sgl(ﬁ Z:if))fl b)I0 : log(f(n) — 1]

2

3

4 fort=0,...,f(n)— 1 do

5 ¢, =0;

6 . —4—10E(f(n)3 7 do
log(p*+(1-p)*)

7

8

9

\\ Draw 2 random bits b and b’ with probability p

fori=0,...

if bb’ =01 then ¢, = 0; break
if bb" =10 then ¢, = 1; break

10 fort=0,...,f(n)— 1 do

11 |_ Simulate the PTM/log(A) M using the advice 5’ = pj - and the sequence of random choices ¢ =) - ¢,

/
“Plog(m)-1
12 return Output of M over w at time step f(n)

Pr(ﬁ’;éﬁ)=Pr<|p’—p|>L>

f(n)
—Pr <|k<n>p’ — k(mpl > %)
k(n)
=P #1 — E#1 — .
r<| ( )|>f(n)>

The Chebyshev’s inequality ensures that

Var(#)/2(n) _ p=p)/3m) _ 1

Pr(r'#p) < 12(n) k(n) 10

since k(n) > 10p(1 — p) f2(n). Therefore, Pr (§' =) > %.

We now estimate the source of error coming from the simulation of a fair coin by a biased one in Procedure 4 (loop of Line 6).
Note that, at each step i, if the two bits bb are different (01 or 10), then ¢, is drawn with fair probability %, like in the case of the
—4-log(f(m)
log(p?+(1-p)?)
identical bits bb' (00 or 11). The probability that the two bits bb' are identical at step i is p? + (1 — p)?, and hence, the probability

that the K independent draws all produce identical bits bb’ satisfy

machine M. Hence, the sampling process of N and M differ in probability precisely when all of the K = draws produce

2 2K _ 5—d-log(rmy _ __ 1
1- <o logf ) —
(P+U-p*) < 670

by using the fact that x!/1°¢®) > 2 and —4 — log(f(n)) < 0. By a union bound argument, the probability that some c, in the sequence
€0 *** Cf(ny—1 is not drawn with a fair probability % is bounded by %. Equivalently, the probability that all random randoms bits ¢, of
the sequence ¢ -+ ¢s(,;)_; are drawn with fair probability % is at least %

To safely estimate the error probability of N, we assume that N always makes errors when its behavior differs from that of M,

i.e., when either j’ # j or some ¢, is not drawn with fair probability. The complementary events that 5’ = j and all ¢,’s being drawn
9

with fair probability are independent and of probabilities at least ) and at least %,

w with probability at least % . % > %. Consequently, the probability of N deciding correctly whether w € L or not is bounded by
% . % > % As before, this probability can be made larger than % by repeating Procedure 4 a constant number of times and taking the

majority of the decisions as output [41]. This shows that L(N) = L(M) = L, and therefore, L € SNN [p, o(f 2)] . Od

respectively. Hence, M and N agree on input

The class of languages decided in polynomial time by stochastic networks using real probabilities and Turing machines using
related advices are the same. In this case, however, the length of the advice is logarithmic instead of polynomial.

Corollary 13. Let p € A be a real probability and P C A be a set of real probabilities.

(i) SNN[p,poly] = PTMA[a(p, log), poly].
(i) SNN[P,poly] = PTMA[a(P,log), poly].

Proof. The proof is similar to that of Corollary 6. []

13
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6. Hierarchies

In this section, we provide a refined characterization of the super-Turing computational power of analog, evolving, and stochastic
neural networks, based on the Kolmogorov complexity of their real weights, evolving weights, and real probabilities, respectively.
More specifically, we demonstrate the existence of infinite hierarchies of classes of analog and evolving neural networks positioned
between P and P/poly. Additionally, we establish the existence of an infinite hierarchy of classes of stochastic neural networks
between BPP and BPP/log*. Beyond proving the existence and providing examples of such hierarchies, we present a generic method
for constructing them, based on classes of functions of increasing complexity.

To this end, we define the Kolmogorov complexity of a real number as outlined in a related work [26]. Let M, be a universal
Turing machine, f,g : N — N be two functions, and a« € £” be some infinite word. We say that « € Kg if there exists f € £ such
that, for all but finitely many », the machine M,; with inputs [0 : m — 1] and n will output [0 : n— 1] in time g(n), for all m > f(n).
In other words, @ € kgf if its n first bits can be recovered from the f(n) first bits of some f in time g(n). The notion becomes relevant
when f(n) <n, in which case @ € Iegf means that every n-long prefix of a can be compressed into and recovered from a smaller
f(n)-long prefix of f. Given two classes of functions ¥ and G, we define

kE=U UK/

fEF geC
Finally, for any real number r € A with associated binary expansion 7 = 6;1(r) € X?, we say that r € K gf iff Fe K, g and
F_ A
KQ - U U Kg ’
JFEF geG

Let 7 C NN be a class of functions. We say F is a class of reasonable advice bounds if the following conditions hold:

+ Sub-linearity: for all f € F, then f(n) <n for all neN.

« Dominance by a polynomially computable function: for all f € F, there exists g € F such that f < g and g is computable in
polynomial time.

« Closure by polynomial composition on the right: For all f € F and for all p € poly, there exist g € F such that f op<g.

For instance, log is a class of reasonable advice bounds. All properties in this definition are necessary for our separation theorems.
The first and second conditions are essential for defining Kolmogorov reals associated with advice of bounded size. The third condition
arises from the fact that RNNs can access polynomial number of bits from their weights during polynomial time computation. Note
that our definition is slightly weaker than that of Balcazar et al., who further assume that the class should be closed under O(-) [26].

The following theorem relates non-uniform complexity classes based on polynomial time of computation P and reasonable advice
bounds F, to classes of analog and evolving networks using weights within K;;ly and K;;ly, respectively.

Theorem 14. Let F be a class of reasonable advice bounds, and let K;;ly C A and kg;ly C X be the sets of Kolmogorov reals associated
with F. Then

P/F* = ANN [K;:)Iy’ poly] =ENN [Kp};ly,poly] .

Proof. We prove the first equality. By definition, P/F* is the class of languages decided in polynomial time by some TM/A using
any possible prefix advice of length f € F, namely,

P/F*=TMA [a(Z°,F),poly] .

In addition, Corollary 6 ensures that

ANN [K;)]y,poly] =TMA [a(K;:ﬂy,poly),poly] .

Hence, we need to show that

TMA [« (2%, ), poly] = TMA [(x(Kg;ly,poly),poly] . )
Equation (5) can be understood as follows: in polynomial time of computation, the TM/As using small advices (of size F) are equivalent
to those using larger but compressible advices (of size poly and inside K;ly).

For the sake of simplicity, we suppose that the polynomial time of computation of the TM/As is clear from the context by intro-
ducing the following abbreviations:

TMA [ (=, F),poly] := TMA [«(Z®,F)]
TMA [a(IZp;;ly,poly),poly] :=TMA [a(K;;ly,poly)] .

14
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We show the backward inclusion of Eq. (5). Let
o
LeTMA [a(Kpoly,poly)] .

Then, there exists a TM/A M using advice a(7, p;), where 7 € K;)ly and p; € poly, deciding L in time p, € poly. Since 7 € K;ly,
there exist § € Z®, f € F and p; € poly such that the p,(n) bits of 7 can be computed from the f(p;(n)) bits of § in time p;(p;(n)).

Hence, the TM/A M with advice a(F, p;) can be simulated by the TM/A M’ with advice a(f, f o p;) working as follows: on every
input w € ", M’ first queries its advice string fyf; - Bf(p,(ny—1> then reconstructs the advice ror ... r, (- in time p3(p;(n)), and
finally simulates the behavior of M over input w in real time. Clearly, L(M’) = L(M) = L. In addition, p; o p; € poly, and since F
is a class of reasonable advice bounds, there is g € F such that f o p; < g. Therefore,

L e TMA [a(B,g)] C TMA [a(2?,F)].

We now prove the forward inclusion of Eq. (5). Let
LeTMA [«(2°,F)].

Then, there exists a TM/A M with advice a(F, f), with 7 € 2“ and f € F, deciding L in time p, € poly. Since F is a class of reasonable
advice bounds, there exists g € F such that f < g and g is computable in polynomial time. We now define 5 € Kproly using 7 and g as
follows: for each i >0, let 7; be the sub-word of 7 defined by

FoFy -+ F ifi=0
7= 071 " Tg(0)-1 o
Fe-1"gi-1+1 " Tgi-1 1£1>0
and let
5 =Fy0F, 0F,0 --- .
Given the first g(n) bits of 7, we can construct the first g(n) + n > n bits of 5 by computing g(i) and the corresponding block 7; (which

may be empty) for all i <n, and then interleaving these with 0’s. This process can be done in polynomial time, since g is computable

is polynomial time. Therefore, 5 € K” _ .
poly

Let g(n) =2n. Since F is a class of reasonable advice bounds, g(n) < n, and thus g(n) = 2n > g(n) + n. Now, consider the TM/A
M’ with advice a(3, g) working as follows. On every input w € X", the machine M/’ first queries its advice a(5, )(n) = sgs; - Sqm—1-
Then, M’ reconstructs the string rqr - Fa(m—1 by computing g(i) and then removing n 0’s from «a(5, g)(n) at positions g(i) + i, for all
i < n. This is done in polynomial time, since g is computable in polynomial time. Finally, M’ simulates M with advice rory - rye,_
in real time. Clearly, L(M') = L(M) = L. Therefore,

L € TMA [a(3,9)] C TMA [a(K;;,y, poly)] .

The property that have just been established together with Corollary 10 proves the second equality. []

We now prove the analogous of Theorem 14 for the case of probabilistic complexity classes and machines. In this case, however,
the class of advice bounds does not anymore correspond exactly to the Kolmogorov space bounds of the real probabilities. Instead, a
logarithmic correcting factor needs to be introduced. Given some class of functions 7, we define F olog={f olog| f € F}.

Theorem 15. Let F be a class of reasonable advice bounds, then
BPP/(F olog)* = SNN [K;)ly,poly] .
Proof. By definition, BPP/(F o log)* is the class of languages decided in polynomial time by PTM/A using prefix advices of length
fE€Folog:
BPP/(F olog)* = PTMA [a(X”, F olog),poly] .
Moreover, Corollary 13 ensures that

F oF
SNN Kpcly,poly] =PTMA [a(Kpcly,log),poly] .

Hence, we need to prove the following equality:
PTMA [a(K[, .log). poly| = PTMA [ (2, o log ). poly] . ®)
We first prove the forward inclusion of Eq. (6). Let
o F
L ePTMA [a(Kpoly,log),poly] .

15
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Then, there exists a PTM/A M using advice a(F, clog), where 7 € Kp;;l and c > 0, that decides L in time p; € poly. Since 7 € Kp};ly,
there exist f € X and f € F such that 7[0 : n — 1] can be computed from S[0 : f(n) — 1] in time p,(n) € poly, for all n > 0.
Consider the PTM/A M’ with advice a(f, f o clog) working as follows. First, M’ queries its advice [0 : f(clog(n)) — 1], then it
computes 7[0 : clog(n) — 1] from this advice in time p,(log(n)), and finally it simulates M with advice 7[0 : clog(n) — 1] in real time.
Consequently, M’ decides the same language L as M, and works in time O(p; + p, o log) € poly. Therefore,

L e PTMA [a(Z“’, Fo log),poly] .

We now prove the backward inclusion of Eq. (6). Let

L e PTMA [a(Z“’, F olog ),poly] .

Then, there exists a PTM/A M using advice a(F, f o clog), where 7 € ¥, f € F and ¢ > 0, that decides L in time p, € poly. Using the
same argument as in the proof of Theorem 14, there exist 5 € K:oly and g € F such that f < g and the smaller word 7[0 : g(n)— 1] can

be retrieved from the larger one 5[0 : 2n— 1] in time p,(n) € poly, for all n > 0. Now, consider the PTM/A M’ using advice a(5, 2c log)
and working as follows. First, M’ queries its advice 5[0 : 2clog(n) — 1], then it reconstructs [0 : g(clog(n)) — 1] from this advice
in time O(p,(log(n))), and finally, it simulates M with advice 7[0 : g(clog(n)) — 1] in real time. Since 7[0 : g(clog(n)) — 1] extends
FIO : f(clog(n)) — 1], M’ and M decide the same language L. In addition, M’ works in time O(p; + p, o log) € poly. Therefore,

PTMA [a(K:;ly,log),poly] . O

We now prove the separation of non-uniform complexity classes of the form C/f. To this end, we assume that each class of
languages C is defined based on a set of machines that decide these languages. For simplicity, we naturally identify C with its
associated class of machines. For instance, P and BPP are identified with the set of Turing machines and probabilistic Turing machines
working in polynomial time, respectively. In this context, we demonstrate that as soon as the advice is increased by a single bit, the
capabilities of the corresponding machines are also increased. To achieve this result, two weak conditions are required. First, C must
contain machines capable of reading their full inputs (of length n) and advices (of length f(n)), since otherwise, any additional advice
bit would not lead to any change. Thus, C must at least include machines that operate in O(n + f(n)) time. Second, the advice length
f(n) should be smaller than 2", otherwise, the advice could encode any possible language, and the corresponding machine would
have full computational power. The following result is first proven for machines with general (i.e., non-prefix) advices, before being
stated for the special case of machines with prefix advices.

Theorem 16. Let f,g : N — N be two increasing functions such that f(n) < g(n) <2", for all n € N. Let C be a set of machines containing
the Turing machines working in time O(n+ f(n)). Then C/ f € C/g.

Proof. Note that any Turing machine M with advice « of size f can be simulated by some Turing machine M’ with an advice o’
of size g > f. Indeed, take o’ (n) = 18"~/ =10q(n). Then, for any input w € X", the machine M’ queries its advice o’ (n), erases all
1’s up to and including the first encountered 0, and subsequently simulates M with advice a(n). Clearly, M and M’ decide the same
language.

To prove the strictness of the inclusion, we proceed by diagonalization. Recall that the set of (probabilistic) Turing machines is
countable. Let My, M|, M,, ... be an enumeration of the machines in C. For any M, € C and any advice a : N — X* of size f, let
M, /a be the associated (probabilistic) machine with advice, and let L(M, /a) be its associated language. The language L(M, /a)
can be written as the union of its sub-languages of words of length n, i.e.

LMy /)= ] LM /a)".

neN

For each k,n € N, consider the set of sub-languages of words of length »n decided by M, /«, for all possible advices a of size f, i.e.:
Ly= {L(Mk/a)" . a is an advice of size f},

Since there are at most 2/(") advice strings of length f (n), it follows that | £}| <2/, for all k € N, and in particular, that | £7] <2/,

By working on the diagonal D = (ﬁﬁ)neN of the sequence (EZ) kneN (illustrated in Table 1), we will build a language A = |,y A"
that cannot be decided by any Turing machine in C with advice of size f, but can be decided by some Turing machine in C with
advice of size g. It follows that A € (C/g) \ (C/ f), and therefore, C/f C C/g.

Let n € N. For each i < 2", let b(i) € £" be the binary representation of i over n bits. For any subset £ C L7, let

£(b())={LeL:bi)eL} and L(b())={LeL:bi)EL}.

) of decreasing subsets of EZ and the sequence (A7, ..., A"

i ) of sub-languages of words

Consider the sequence (EZO, ,[l;’ Ft
of length n defined by induction for every 0 <i < f(n) as follows

£ =" and £ = %Z,i(b(i)) if 127, (60) 1 <1£3,(bD)]
0 = Ln ni+1 EZ,,-(b(">) otherwise

16
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Table 1
Hlustration of the sequence (L£}), .- Each
set £} satisfies |£}| <2/, The diagonal D =

(£1) .y is highlighted.

0 1 2 n
0 £y Ly L£f - Ly
L e Y B e
R B
T
Ly =Ly, Ay =0
7.0(0(0)) Cr 5(0(0)) A? = {b(0)}
= 2,1 .
na(b(1)) cr 1 (b(1)) An = {b(0)}
: :Eﬁi,z
n2(0(2) Cr o (b(2)) 3 ={6(0),6(2)}
=,£Z,3 :
4
4
4
\
\
\
’\
.
\
\
n ' n
L”vf(")+1 =0 Af(n)+1 = {b(0)7 b(2)7 ce }

fm+1

fm+1
i=0 :

Fig. 3. Inductive construction of the sequences (E:V‘.) =0

and (Af’)

AU} f 121 (bD)| < |22, (b))

A'=@ and A" A =
0 i+l Al otherwise.
This construction is illustrated in Fig. 3.
Note that the n-bit representation b(i) of i is well-defined, since 0 <i < f(n) < 2". In addition, the construction ensures that

Lr o Sy and L0 | < %lE;‘JL for all 0 <i < f(n), and since |L7 | =|L])] < 2/ it follows that L) /41| = 0, meaning that

ni+1
£ﬁ’ For = @. Now, towards, a contradiction, suppose that A}(n) L EL = £Z,0' The construction and the previous properties imply
that
n n __ n —
Al € ﬂ Loi=L i =9
0<i<f(n)
which is a contradiction. Therefore, A;(n) .l g Lh, forall neN.
Now, consider the language
— n
A= U Af(n)+l '
neN
By construction, A;(n) + is the set of words of length n of A4, i.e., A;(n) = A", for all n € N. We now show that A cannot be decided

by any machine in C with advice of size f. Towards a contradiction, suppose that A € C/f. Then, there exist M; € Cand ¢ : N — X*
of size f such that L(M, /a) = A, and thus L(M; /)" = A¥. On the one hand, the definition of £} ensures that L(M, /a)* € L. On

the other hand, L(M, /a)* = A¥ = A’/‘,( - L%, which is a contradiction. Therefore, A & C/f.

17
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We now show that A € C/g. Consider the advice function « : N — X* of size g = f + 1 given by a(n) = a6’ a;’ - where

e {1 if b(i) € A"
1

0 otherwise,

. n
rmy

for all 0 <i < f(n). Note that the advice string a(n) encodes the sub-language A", for all n € N, since the latter is a subset of
{b(i) : 0<i < f(n)}, by definition. Consider the Turing machine with advice M /a which, on every input w = wyw; --- w,_; of length
n, moves its advice head up to the i-th bit «!' of a(n), where i = b~ (w), if this bit exists (note that i < 2" and |a(n)| = f(n) + 1), and
accepts w if and only if o] = 1. Note that these instructions can be computed in time O(f(n) + n). In particular, moving the advice
head up to the i-th bit of a(n) does not require to compute i = b~!(w) explicitly, but can be achieved by moving simultaneously the
input head from the end of the input to the beginning and the advice head from left to right, in a suitable way. It follows that

we LM /)" iff ay, =1 iff b(b~ (w)) € A" iff we A".

l(u
Hence, L(M /a)" = A", for all n € N, and thus

LM /)= LiM/a)" =[] A"=A.

neN neN

Therefore, A € C/g. The argument can be generalized in a straightforward way to any advice size g such that f(n) + 1 < g(n) <2".
Finally, the two properties A¢ C/f and A€ C/g imply that C/f CC/g. [

We now prove the analogous of Theorem 16 for the case of machines with prefix advice. In this case, however, a stronger condition
on the advice lengths f and g is required: f € o(g) instead of f < g.

Theorem 17. Let f,g : N — N be two increasing functions such that f € o(g) and lim,,_, ., g(n) = +o0. Let C be a set of machines containing
the Turing machines working in time O(n+ f(n)). Then C/ f* C C/g*.

Proof. The proof is similar to that of Theorem 16, except that the separation language A is constructed based on a sequence of
integers (n;);cn. Consider the sequence (n;),cy defined for all i > 0 as follows

ng=min{n €N : 2(f(n)+ 1) < g(n)}
Mist =min{ne N2 (fr)+ 1) +2(f () + I)Sg(n)}~
Jj=0

We show by induction that the sequence (n;),cy is well-defined. Since f € o(g) and lim,,_, , g(n) = +o0, the following limits hold

fim ZS DD g gy T iy 2
n—oo  g(n) n—oo g(n)  n—oo g(n)
2% () + D +2(f(m) +1
i 22 OEDHIOFD S0 €2

m =
n—ves g(n) n—oo g(n)  n—co g(n)
where C =2 Z;=0( S+ 1), and thus nj and n;, | are well-defined.
For each k,i € N, consider the set of sub-languages of words of length n; decided by the machine M, € C using any possible advice
a of size f, i.e.,

g’l:f - {L(Mk/a)"f : « is an advice of size f} .

Since there are at most 2/ advice strings of length f(n;), it follows that
cxn

Consider the diagonal D = (L' ), Of the set () konyeN'

|£:”| <2/™)_Using a similar construction as in the proof of Theorem 16, we can define by induction a sub-language A"

f(np)+1

n; n; .
such that A P & L,". Then, consider the language

Az=Jam=J A i1
ieN ieN
Once again, a similar argument as in the proof of Theorem 16 ensures that A ¢ C/f. Since C/f* CC/f, it follows that A& C/ f*.
We now show that A € C/g*. Recall that, by construction, A" C {b(j) : 0 < j < f(n;)}. Consider the word homomorphism 4 : £* —
>* induced by the mapping 0~ 00 and 1 — 11, and define the symbol # = 01. For each i € N, consider the encoding ﬁg' ﬂf" ﬁ;i(,,,)
of A" given by l

\ 1 if b(j) € A",
ﬁ’={ !

J 0 otherwise,
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for all 0 < j < f(n;), and let f(n;) = h(B,' B, --- ﬂ;',‘(n_)). Note that |f(n;)| = 2(f(n;) + 1). Now, consider the advice function a : N — X*

given by the concatenation of the encodings of the successive A" separated by symbols #. Formally,

aln) = P(ng)#p(n))# - #p(n;)  if n=n; for some i >0
T\ Blng#B(n - #B(E ifn <n<n,.

Note that |a(n)| = 22;:0(/’(/1]) +1) < g(n;) < g(n) for n; <n<n;,; and a satisfies the prefix property: m < n implies |a(m)| < |a(n)|.
If necessary, the advice strings can be extended by dummy symbols 10 in order to achieve the equality |a(n)| = g(n), for all n >0
(assuming without loss of generality that g(n) is even). Now, consider the machine with advice M /a which, on every input w of
length n, first reads its advice string a(n). If the last symbol of a(n) is #, then it means that |w| # n; for all i > 0, and the machine
rejects w. Otherwise, the input is of length n; for some i > 0. Hence, the machine moves its advice head back up to the last # symbol,
and then moves one step to the right. At this point, the advice head points at the beginning of the advice substring f(n;). Then, the
machine decodes ﬁgi ,BT" ﬂ;i(n,-) from f(n;) by removing one out of two bits. Next, as in the proof of Theorem 16, the machine moves
its advice head up to the j-th bit ﬁ;", where j = b~!(w), if this bit exists (note that j < 2" and |(n;)| = f(n;)+ 1), and accepts w if
and only if ﬂj’.’i = 1. These instructions can be computed in time O(2 E;zo( f(ny)+ 1) +ny). It follows that w € L(M /a)" iff ,B;." =1iff

b(j) € A" iff b (b7 (w)) € A" iff w € A" . Thus L(M /a)"i = A", for all i €N, and hence

L(M/a)= U L(M /)" = U A" = A

ieN ieN
Therefore, A€ C/g*.
Finally, the two properties A ¢ C/f* and A € C/g* imply that C/f* CC/g*. [

The separability between classes of analog, evolving, and stochastic recurrent neural networks using real weights, evolving weights,
and probabilities of different Kolmogorov complexities, respectively, can now be obtained.

Corollary 18. Let F and G be two classes of reasonable advice bounds. Suppose that there exists g € G such that f € o(g) and lim g(n) = +oo,
n—oo
forall f € F. Then
: F G
@ ANN [Kpoly, poly] C ANN [Kpoly,poly]
. oF oG
(i) ENN [Kpoly, poly] CENN [Kpoly,poly]
7 ¢
(ii) SNN [Kpoly, poly] C SNN [Kpuly,poly]
Proof. (i) and (ii): Theorem 14 shows that

P/F* = ANN [K;ly,poly] —ENN [K;)ly,poly] and

P/G" = ANN [Kfﬂly, poly] —ENN [klfoly, poly] .
In addition, Theorem 17 ensures that
P/F* CP/g" CP/G"

The strict inclusions of Points (i) and (ii) follow directly.
(iii): Theorem 15 states that

BPP/(F olog)* = SNN K:ly,poly]

0
% _ g
BPP/(G o log)* = SNN [Kpoly,poly] .

In addition, note that if f € F and g € G satisfy the hypotheses of Theorem 17, then so do f o/ € F olog and g o/ € G o log, for all
I € log. Hence, Theorem 17 ensures that

BPP/(F o log)* C BPP/g o log)* C BPP/(G o log)*.

The strict inclusion of Point (iii) ensues. []

Finally, Corollary 18 provides a way to construct infinite hierarchies of classes of analog, evolving and stochastic neural networks
based on the Kolmogorov complexity of their underlying weights and probabilities, respectively. The hierarchies of analog and
evolving networks are located between P and P/poly, while those of stochastic networks lie between BPP and BPP/log*.
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For instance, define F; = O (log(n)’), for all i € N. Each F; satisfies the three conditions for being a class of reasonable advice
bounds (note that the sub-linearity log(n)' is satisfied for n sufficiently large). By Corollary 18, the sequence of classes (F;),cy induces
the following infinite strict hierarchies of classes of neural networks:

Fo Fy Fa

ANN [Kpoly,poly] c ANN [Kpoly,poly] c ANN [Kpoly,poly] c
e 7o o o T2

ENN [Kpoly,poly] c ENN [Kpoly,poly] c ENN [Kpoly,poly] c
Fo Fy F

SNN [Kpoly,poly] c SNN [Kpoly,poly] c SNN [Kpoly,poly] c

We provide another example of hierarchy for stochastic networks only. In this case, it can be noticed that the third condition for
being a class of reasonable advice bounds can be relaxed: we only need that F olog is a class of reasonable advice bounds and that the
functions of 7 are bounded by n. Accordingly, consider some infinite sequence of rational numbers (g;);cn such that 0 < g; <1 and
q; < g;41, for all i €N, and define 7; = O(n%), for all i € N. Each 7; satisfies the required conditions. By Corollary 18, the sequence
of classes (F;);cy induces the following infinite strict hierarchy of classes of neural networks:

T F F
SNN [Kpnoly,poly] ¢ SNN [Kpolly,poly] ¢ SNN Kp‘fly,poly] C ..

7. Application

The Kolmogorov complexity measures the compressibility of real numbers. Accordingly, our study finds its full relevance in the
context of theoretical analog computation [42]. In practice, real-valued weights cannot be manipulated exactly, making approxima-
tion and compression techniques essential. These compression techniques can be viewed as practical counterparts to the theoretical
concept of Kolmogorov complexity. Among them, quantization has become a critical technique in recent years, actively explored in
research for its ability to enhance computational efficiency during training while preserving, and sometimes even improving, net-
work performance [43,44]. In the case of echo state networks (ESNs), where only the output weights are trained, we show that the
predictive capabilities of the networks are strongly impacted by the degree of quantization applied to their weights. The code is freely
available on GitHub.

We consider leaky echo state networks (ESNs) whose dynamical equations are obtained by slight modifications of Equations (1)
and (2):

Xl =1 -a)x' +ac (Wiu' ™ + W x +b)
yH—] =W tXl‘+l
oul

where ¢ = tanh, x' € RV is the reservoir state at time ¢, u'*! € RX is the input at time ¢ + 1, W;, € RV*K, W € RV*N and
W € RVXN are the input, reservoir and output weight matrices, respectively, b € RV is the bias, and a € (0, 1] is the leaking rate,
controlling the speed of the state update.

The hyperparameters of ESNs play a crucial role on their memory capacity, stability and predictive performance [38]. Since we
are primarily interested in studying the effect of weight quantization, we limit ourselves to fixed hyperparameters. The reservoir
weights W, are rescaled to have a spectral radius (largest absolute eigenvalue) of 0.99 and a sparsity of 90%. The input weights
W;,, have an input scaling (magnitude of the entries) of 1.0 and a sparsity of 80%. The leaking rate is set to « = 0.3.

To study the effect of weight compression, we implement a quantization process on the input, reservoir, and output weights of the
ESN. Given a specified number of precision bits b € {2,4,8,16,32,64}, we round the weights to the closest values within a finite set of
2} quantization levels. These levels are evenly distributed between the minimum and maximum values of the weights in question. As
a result, each quantized weight corresponds to the discrete level determined by the original weight’s value and is thus representable
by b precision bits.

Given a time series @i = {u'},, we train a leaky ESN on a z-step look-ahead prediction task. At each time step ¢, the network is
provided with the current input u’ and its task is to predict the future value y’ :=u’*?. This formulation encourages the network to
capture long-term dependencies in the data.

Specifically, we begin by feeding the initial 100 values of @i to the network to wash out the influence of the initial state on the
reservoir. After this warm-up phase, we train the network using the subsequent 2000 values of @, collecting the corresponding reservoir
states and targets into the matrices X and Y, g, respectively (row-wise concatenation). The output weights are then learned using
a Ridge regression between X and Y g, Wwhose closed-form solution is given by

W = (XTX + 1) XTY

target *

Finally, we evaluate the trained network by running it on the next m = 500 time steps, collecting the corresponding predictions and
targets into the matrices Ypreq and Yy ge, respectively, and computing the normalized root mean squared error (NRMSE) given by

NRMSE =

1 . Nk
\/; Z:n:] ||Ypred(l) - Yla.rgct(l)n
max; ; ”Ytarget(i) - Ytarget(j)” .
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Table 2

NRMSE of ESNs evaluated on the Mackey-Glass (MG), Lorenz (LO), and Hénon Map (HM) time series for a
10-step look-ahead forecasting task. The top part (ALL) presents results where all weights are quantized to
b precision bits, with b € {2,4,8,16,32,64}. The bottom part (RES) shows results where only the reservoir
weights are quantized.

ALL 2 4 8 16 32 64
MG 5.504 % 103 8.408 x 10° 4.245x 107! 1.511x 1073 6.039 x 10~4 6.039 x 10~*
LO 8.944 x 10° 3.377 x 10? 4.701 x 10° 2.748 x 1072 1.419x 1072 1.419 x 1072
HM 1.358 x 103 1.654 x 103 6.435x 10° 2.110x 107! 2.073x 107! 2.073x 10!
RES 2 4 8 16 32 64
MG 2.114x 107! 3.231x 1072 6.026 x 10~* 6.039x 107* 6.039 x 107* 6.039 x 107

LO 7.605x 1072 1.761x 1072 1.410x 1072 1.419x 1072 1.419x 1072 1.419x 1072
HM  2.057x107"  2064x107"  2.073x10~'  2.073x10~'  2.073x10~!  2.073x 10!

t+7—1
target

evolution and improve learning. During testing, however, the predicted value y

is provided as part of the input to help stabilize state

t+7—1
red
impact of randomness in weight initialization, each experiment is repeated 20 times with different random seeds, and the results are

averaged over these trials.
We evaluate the performance of echo state networks (ESNs) on three benchmark time series that exhibit rich, chaotic dynamics.
The Mackey-Glass time series is generated by the following delay differential equation:

dx(t) _ x(t—1)
dt ~ "1+x(t—1)

In the teacher forcing paradigm, during training, the actual target y
is fed back into the input instead. To reduce the

- —rx(®),

where 7 is the delay, and f, y, and »n are system parameters. For the parameters values 7 =17, f =0.2, y = 0.1, n = 10, the system
exhibits chaotic behavior. The Lorenz system is a set of three coupled ordinary differential equations given by

dx _ _
g—t—ff(y x)
a9 _ —7)—
gé—x(p z)—y
o =Xy Pz

with the canonical parameter values ¢ = 10, p =28, and f = % The Lorenz system displays chaotic behavior characterized by sensitive
dependence on initial conditions and the formation of a strange attractor. The Hénon map is a discrete-time dynamical system defined
by

Xpy1 =1—axﬁ+yn
Ynt1 :bxn

with parameters set to a = 1.4 and b = 0.3. Despite its simplicity, the Hénon map produces a fractal attractor and exhibits robust
chaotic behavior.

The results of our experiments are presented in Fig. 4 and Table 2 (top). As expected, the predictive performance of the networks
improves significantly as the number of quantization bits increases (from 2 to 64). The forecast horizon also affects the networks
performance, to a lesser extent. The logarithmic scale of the heatmaps highlights the substantial gains achieved by increasing weight
precision, or equivalently, the drastic losses induced by greater weight quantization. Overall, these results demonstrate that in echo
state networks — where the reservoir primarily functions as a dynamical encoder and predictions rely heavily on the output weights
W, — the level of quantization plays a crucial role in the network’s capabilities. This contrasts with deep feedforward architectures,
such as Transformers and convolutional neural networks (CNNs), where weight approximation and compression techniques have been
successfully applied [43,44]. We conjecture that this difference arises from the ability of deep architectures to distribute approximation
errors across successive layers, thereby mitigating their impact on overall performance.

In contrast, the predictive capabilities of the networks are significantly less affected when only the reservoir weights are quantized,
while the output weights keep full precision. Fig. 4 and Table 2 (bottom) show that, across all configurations, reservoirs quantized
to 4, 8, 16, 32, and 64 precision bits yield nearly identical results. This robustness stems from the reservoir’s ability to encode input
sequences as superimposed dynamical patterns, functioning like a complex Morse code, thereby reducing the need for high precision.
However, accurately decoding these reservoir dynamics requires highly precise output weights. These findings align with the liquid
state machine (LSM) paradigm, which typically employs binary reservoirs composed of spiking neural networks [45].

8. Conclusion

In this work, we provide a refined characterization of the super-Turing computational power of analog, evolving, and stochastic
recurrent neural networks through the lens of Kolmogorov complexity of their underlying real-valued weights, evolving rational
weights, and real-valued probabilities, respectively. For the first two models, we establish infinite hierarchies of analog and evolving

networks situated between P and P/poly. For the stochastic model, we construct an infinite hierarchy of network classes positioned

21



J. Cabessa and Y. Strozecki Information Sciences 711 (2025) 122104

Mackey Glass Lorenz . Henon Map
10
10° 10°
103
102 102
102
S 10t s S 10!
N N N
= = 10! =
o o o
< < - <
= 10°
L 1071
1 1 1 1 1 1 - 1 1 1
2 4 8 16 32 64 8 16 32 64 4 8 16 32 64
# quant. bits # quant. bits # quant. bits
Mackey Glass Lorenz Henon Map
0.200
1 1- 1
0.200 0.10 o175
10 0.175 10 )
0.150 0.08 0.150
< 20 c S 20 0.125
N 0.125 Q N
f = 0.06 S 0.100
0.100
230 2 230
-0.075 -0.075
-0.04
40 -0.050 40 -0.050
50 -0.025 | 0.02 50 -0.025
i | ! | !
2 4 8 16 32 64 4 8 16 32 64 4 8 16 32 64
# quant. bits # quant. bits # quant. bits

Fig. 4. Normalized root mean squared error (NRMSE) of ESNs evaluated on the Mackey-Glass, Lorenz, and Hénon Map time series. The ESNs are evaluated on look-
ahead forecasting tasks with horizons h € {1, 10,20,30,40,50}, and their weights are quantized to b precision bits, where b € {2,4,8,16,32,64}. The forecasting task
becomes more challenging as the number of precision bits decreases and the horizon increases. (Top) All weights are quantized. (Bottom) Only the reservoir weight
W, is quantized.

res

between BPP and BPP/log*. Beyond proving the existence and providing concrete examples of these hierarchies, Corollary 18 offers
a general method for constructing them based on function classes that satisfy reasonable advice bound conditions.

This work extends the study of Balcdzar et al. [26] on the Kolmogorov-based hierarchization of analog neural networks. In
particular, the proof of Theorem 14 is strongly inspired by their Theorem 6.2 [26]. However, our approach takes a different perspective
by making the computational relationships between recurrent neural networks and Turing machines with advice more explicit. In
this regard, Propositions 5, 9, and 12 characterize precisely how real weights, evolving weights, and real probabilities correspond to
advice of varying lengths in the associated Turing machines. In contrast, Balcdzar et al. frame these relationships indirectly through
an alternative model — Turing machines with tally oracles. Another key distinction is that our separability results (Theorems 16 and
17) are derived using a diagonalization argument that applies to any non-uniform complexity class, making it of independent interest.
Our approach does not rely on the existence of reals with high Kolmogorov complexity. Finally, our conditions for reasonable advice
bounds are slightly weaker than those of Balcazar et al., broadening the scope of our results.

The computational equivalence between stochastic neural networks and Turing machines with advice builds on the results of
Siegelmann [21]. Our Proposition 12 is inspired by their Lemma 6.3 [21]. However, while their result establishes the equivalence
between two models of bounded-error Turing machines, our Proposition 12 makes the relationship between stochastic neural net-
works and Turing machines with logarithmic advice explicit. Additionally, our use of union bound arguments provides a technical
simplification of their original approach.

The main message of our study is twofold: (1) the complexity of real or evolving weights is crucial to the computational power
of analog and evolving neural networks, and (2) the complexity of the randomness source similarly influences the capabilities of
stochastic neural networks. These theoretical insights contrast with the flourishing research on approximation techniques — such
as precision scaling and quantization — that often yield significant efficiency gains [43,44]. In the framework of theoretical analog
computation, less compressible weights or randomness sources encode more information, ultimately enhancing the computational
power of the underlying neural networks.

Our results strongly rely on the Turing completeness of recurrent neural networks (RNNs) [14]. Accordingly, they are framed
within the context of echo state networks (ESNs), which represent the simplest and most general form of vanilla RNNs. However,
these results can be safely generalized to other recurrent architectures, provided they are Turing complete. For instance, any universal
architecture incorporating LSTM, GRU, or ReLU units would fall within the scope of our analysis.*

In practice, real-valued weights or probabilities cannot be manipulated with exact precision. However, one could envision a system
where a rational-weighted recurrent neural network (RNN) is coupled with a quantum bit generator, which inherently produces a

4 Note, however, that the Turing completeness of RNNs composed exclusively of LSTM or GRU units has not been established.
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Kolmogorov incompressible real number, bit by bit. According to our theory, the class of RNNs utilizing these bits could solve strictly
more problems than those based on rational weights. Furthermore, the quantum bit generator could be harnessed to generate real
numbers of varying Kolmogorov complexities by producing subsequent bits based on the incompressible properties of the preceding
ones. This would allow for the construction of RNNs belonging to more refined complexity classes, based on these real numbers.

For future work, hierarchies based on alternative notions beyond Kolmogorov complexity could be investigated. Additionally,
while the universality of echo state networks has been extensively studied from a functional analysis perspective [39], their com-
putational universality remains an open question from a probabilistic standpoint. Specifically, given an echo state network N that
satisfies appropriate reservoir conditions, and a computable function f, it remains to be determined whether output weights can be
found such that N approximates f with high probability.

Finally, the proposed study aims to bridge existing gaps and offer a unified perspective on the enhanced capabilities of analog,
evolving, and stochastic recurrent neural networks. The question of whether the super-Turing computational power of neural net-
works can be practically exploited is a complex issue that falls outside the scope of this paper, aligning instead with the philosophical
discussions on hypercomputation [40]. Nonetheless, we believe this study contributes to advancing the field of analog computa-
tion [42].
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