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Abstract. Small Boolean Liquid State Machines (B-LSMs) offer a sim-
plified yet expressive biologically inspired model of recurrent computa-
tion, in which network attractor dynamics can be systematically ana-
lyzed. In their untrained form, B-LSMs exhibit complex, often chaotic
dynamics with short-lived memory traces. This study investigates how
local synaptic plasticity (STDP) and a global plasticity (GP) mechanism
jointly shape the attractor landscapes of these networks. Specifically, we
show that synaptic modifications can drive B-LSMs to exhibit exponen-
tially many attractors, each corresponding to a potential memory. Such
high attractor regimes are attainable through global synaptic crafting.
Under noisy background conditions, STDP tends to drive the networks
back to low attractor regimes; however, when receiving carefully designed
inputs, STDP maintains the networks’ rich attractor dynamics. Overall,
our findings highlight the theoretical potential for storing an impressive
number of memories in recurrent neural networks, with significant im-
plications for theoretical neuroscience and neuromorphic computing.
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1 Introduction

Attractor dynamics constitute a core framework in computational neuroscience
and machine learning. In neuroscience, attractors refer to stable firing patterns
in the cerebral cortex and have been critically linked to long-term and short-term
memory, attention, decision-making, and mental disorders [18]. The mechanisms
underlying attractor formation, their roles in representation and memory, and
the empirical evidence supporting their existence in the brain have been thor-
oughly studied [10] (and references therein).

In machine learning, attractor states are used to model associative mem-
ory, wherein a system evolves toward stable configurations that represent stored
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patterns—typically corresponding to local or global minima of an energy func-
tion [6,{19]. Hopfield networks provide a classical model of fixed-point attractors,
employing symmetric connectivity to ensure convergence to stable states [6].
Subsequent developments have extended this framework to accommodate asym-
metric interactions [19], higher-order synaptic terms [12], and dense memory rep-
resentations [3]. More recent innovations introduce continuous energy landscapes
and update rules inspired by attention mechanisms, significantly enhancing both
memory capacity and convergence speed [17]. Boltzmann machines—and their
restricted variants—generalize this paradigm by incorporating stochastic dy-
namics, enabling the modeling of richer probability distributions and laying the
groundwork for modern generative models [41[5].

Reservoir Computing (RC) frameworks [13], such as Echo State Networks
(ESNs) (8] and Liquid State Machines (LSMs) [14], leverage fixed recurrent net-
work topologies with rich, dynamic internal states to project input streams into
high-dimensional temporal representations. In particular, LSMs were introduced
as a biologically inspired model of computation based on spiking neural net-
works with fading memory, offering a principled alternative to traditional rate-
based neural networks [14]. Here, we consider Boolean Liquid State Machines
(B-LSMs), a biologically inspired instantiation in which units operate in binary
states, enabling a systematic analysis of the network’s attractor dynamics [1].

The mechanisms and computational implications of spike-timing-dependent
plasticity (STDP) have been extensively studied [2]. Notably, the emergence of
cell assemblies — underlying attractor dynamics — can be promoted by stimulus-
driven synaptic pruning in conjunction with STDP in large neural networks
operating amid background noise |7]. Furthermore, the interaction between ex-
citatory and inhibitory couplings has been shown to give rise to new attractor
states, characterized by stable, synchronous activity patterns [21]. The combined
action of STDP and homeostatic plasticity mechanisms also enhances both the
storage and maintenance of time-varying attractor dynamics |20].

In this work, we investigate the attractor landscapes of small Boolean Lig-
uid State Machines (B-LSMs) subject to the combined effects of spike-timing-
dependent plasticity (STDP) and global synaptic plasticity. This simplified yet
expressive framework enables a systematic analysis of the networks’ attractor
dynamics. We demonstrate that global plasticity can drive the network into rich
attractor regimes, which can be sustained over time through carefully designed
input patterns. Our findings highlight the theoretical potential for storing an
exponential number of memories in recurrent neural networks, with implications
for both theoretical neuroscience and the development of neuromorphic hard-
ware.

2 Model

2.1 Boolean Liquid State Machines (B-LSMs)

Boolean Liquid State Machines (B-LSMs) are recurrent neural networks com-
posed of binary-valued inputs and reservoir units [15]. Formally, a B-LSM is
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defined as a tuple

N = (U7 X, {W[res] (t)}tzov {W[in] (t)}t207 {b(t)}tZO)

where U = {1,..., M} denotes the indices of the M input units, and X =
{1,..., N} the indices of the N reservoir units. At any time ¢, the input-to-
reservoir weight matrix is Wi?l(t) € RVN*M  the recurrent reservoir weight
matrix is WIresl(t) € RN and b(t) € RY is the bias vector of the reservoir
cells. The network N is said to be static if the weights and biases Wnl(t),
Wresl(t) and b(t) remain constant over time t; it is called evolving otherwise.
A B-LSM is illustrated in Figure[1f (left). The dynamics of a B-LSM is governed
by the following equation

x(6+1) = 0 (WEl(t) - x(6) + W (t) - u(t) + b(t)) (1)

where u(t) € BM is the binary input vector, x(t) € BY and x(t + 1) € BY the
reservoir state at time ¢ and ¢ + 1, respectively, and 0 the element-wise hard

threshold function:
0 ifz<O
0(z) = { if x

1 otherwise

Given an infinite input stream
i = (u(0),u(1),u(2),...) € (B¥)™,
the system evolves to generate a corresponding state trajectory
N(a) = (x(O),x(l),x(Z),...) € (]B%N)<>o ,

where each state x(t) is determined by Equation , for all ¢ > 0. The sequence
N (1) is called the dynamics of N for the input stream .,

2.2 Attractors

Attractors in a B-LSM are state configurations toward which the network dy-
namics evolve and stabilize into fixed-point, cyclic, or chaotic behavior. Formally,
a finite set of states A = {xg,x1,...,xx} C BY is said to be an attractor of a B-
LSM if there exist some input stream @ = (u(0), u(1),u(2),...) and time step tg
such that the induced network dynamics N'(@) = (x(0),x(1),x(2),...) satisfies
x(t) € A for all t > to.

Boolean recurrent neural networks, and consequently B-LSMs, are compu-
tationally equivalent to finite-state automata (FSA) |11L/15/16]. More precisely,
for any B-LSM N of size N (i.e., with N reservoir cells), one can construct a
corresponding FSA A of size O(2"). The nodes of A are the Boolean states of
N, and there is a transition from node x to node x’ labeled by input u in A if
and only if N transitions from state x to x’ upon receiving input u. According
to this construction, the dynamics of N correspond to paths in the automaton
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Fig. 1: A Boolean liquid state machine (left) and its corresponding automaton (right).
The different dynamics of the network correspond to the different paths in the automa-
ton. The attractors of the network correspond to the cycles in the automaton.

A, and, in particular, the attractors of the network N correspond to (simple)
cycles in A [1]. The reverse translation from a given automaton .4 to its corre-
sponding network N is of no interest for our purposes [16]. This correspondance
from B-LSM to FSA is illustrated in Figure [1| (right).

Based on these considerations, the number of attractors of a B-LSM corre-
sponds to the number of elementary circuits in its corresponding FSA:

Fact 1 The number of attractors of a B-LSM with N reservoir cells is in @(2N!).

The attractors of A/ can therefore be systematically enumerated using the fol-
lowing procedure:

1. Construct the FSA A associated to N;

2. Enumerate all simple cycles (or elementary circuits) of A using Johnson’s
algorithm [9].

Note that the number of attractors in a B-LSM fluctuates in response to
synaptic modifications. As the network adjusts its synaptic configuration, the
structure of the associated automaton changes accordingly, revealing a new set
of cycles that define the updated attractor regime of the network. Overall, the
combinatorial explosion in the number of attractors (Fact [1]) underscores the sub-
stantial memory capacity of B-LSMs and motivates a tractable analysis frame-
work focused on small networks (N < 8).

2.3 Synaptic Plasticity

We consider two forms of synaptic plasticity that govern learning in the B-LSM
framework:
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(i) Spike-Timing-Dependent Plasticity (STDP): While receiving random back-
ground inputs, the network undergoes synaptic modifications governed by an
STDP rule, which updates the reservoir weights w{js(t) at each time step based
on local pre- and post-synaptic activity, as follows:

AwiP(t+1) =iy - (2 () - it + 1) —2;(E+ 1) - 24(2))

w;s*(t+1) = clip [w{js(t) + Aw;s (t + 1)] )

Here, 1;; = 1 - € is a noisy learning rate, with ¢ ~ U ([0.95,1.05]) and 1 € R,
and weights are bounded via the clip function to the interval [w™®, w'®], with
w wi® € R.
(i) global plasticity (GP): Upon receiving a predefined trigger input pattern, the
entire reservoir undergoes a global plasticity (GP) rule modeled as a simulated
annealing process that adjusts the reservoir synapses for the duration of the
pattern as follows:

Wiresl (¢ 4 1) = Wlresl(t) + ¢, with e ~ U ([_6’ +€]M><N)
AE(t + 1) = attr (W[res] (t)) — attr (W[res] (t+1))
Picceps(t+ 1) = exp (—%)

t

Tiy1 =T o, withTpeRand 0 < a <1

where Wresl(t + 1) is a noisy update of Wresl(t), which is accepted if it results
in more attractors than Wr®sl(t) (computed using the attr function) or with a
probability Ppacceps (f + 1), which depends on the decreasing temperature Tj 1.
The objective is to explore synaptic configurations in order to maximize the
number of attractors, balancing stochastic exploration (through noise addition)
with convergence (through a cooling mechanism).

3 Results

3.1 Experimental setup

We consider Boolean Liquid State Machines (B-LSMs) with one input cell and
N € {5,6,7,8} reservoir cells. The reservoir weights are drawn from a normal
distribution, i.e., Wresl ~ A/(0,1), and the input weights and biases are set to
WInl = 1 and b = 0, respectively.

These networks are submitted to background input streams and trigger pat-
terns. For the background activity, we generate a random binary input stream
@ = (u(0),u(1),u(2),...) of length 1000, where each inter-spike interval satis-
fies ISI; ~ Pois(A = 2). For the trigger patterns, we generate a random binary
sequence p = (p(0),p(1),p(2),...) ~ Binomial(n = 50,p = 0.5), and then in-
sert it at P non-overlapping random positions inside the input stream u, where
P €{0,1,3,5,7,9,11} (blue regions in Figure [3).
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A simulation involves the random generation of a Boolean network N (reser-
voir weights) and a background binary input stream @ interspersed with P trigger
patterns. The network processes this input and undergoes STDP or GP, depend-
ing on whether it receives background activity or a trigger pattern (white and
blue regions in Figure. At each time step, these plasticity mechanisms modify
the network’s synaptic weights, thereby modifying its corresponding automaton,
and thus altering its number of attractors, referred to as the attractor regime
(cf. Section . The successive attractor regimes are computed at every time
step, and their evolution over time is analyzed (see Figure [3]). Each simulation
was repeated 10 times with different random seeds.

3.2 Attractor regimes

Figure [2| presents the distribution of the number of attractors observed in B-
LSMs composed of N reservoir nodes (N € {5,6,7,8}) and driven by 11 trigger
patterns (a configuration giving rise to the largest number of attractors). As
the network size increases from 5 to 8 internal nodes, the maximum number
of attractors rises sharply from 32 to 23042. The average number of attractors
also grows with the network size, indicating that larger networks can settle into
higher attractor regimes. These results underscore the capacity of B-LSMs to
support a large number of attractors, each corresponding to a potential memory
state, as formally stated in Fact [I]

5 cells: mean = 8.48 / max = 32 7
104 - 6 cells: mean = 15.70 / max = 218 i
7 cells: mean = 70.60 / max = 7402 i
8 cells: mean = 349.11 / max = 23042 i ‘
:
E 103 -
o |
b~
19
0 i
5 107 —
©
Q
c
101 -
100 .
5 6 7 8

nb reservoir cells

Fig. 2: Distribution of the number of attractors achieved by B-LSMs composed of
N € {5,6,7,8} reservoir nodes and driven by input streams of length 1000 containing
11 trigger patterns. Each box plot summarizes results from 10 simulations, with the
median indicated by a blue line and the mean by a blue circle. The y-axis is shown on
a logarithmic scale.
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3.3 Effect of global plasticity (GP)

Every time the network encounters a trigger pattern, it undergoes the global
plasticity (GP) process for the duration of the pattern (see Section . GP is
a network-level mechanism designed to amplify the number of attractors, imple-
mented as a simulated annealing process. The network adjusts all its reservoir
synaptic weights and, with high probability, transitions into successive configu-
rations that increase the number of attractors.

As expected, the GP mechanism significantly enhances the attractor regime
of the network. This effect is clearly illustrated in Figure [3] where the trig-
ger periods (indicated by blue bands) correspond to pronounced increases in
the attractor regime. These substantial rises in attractor numbers are generally
accompanied by large synaptic changes, quantified as the sum of absolute dif-
ferences between synaptic weights at successive time steps (¢ — 1 and t). The
GP mechanism is essential for achieving large attractor regimes, as disabling
this process leads to stagnation within very low regimes. In this context, the GP
mechanism can be viewed as a form of learning.

To quantify this phenomenon on a larger scale, we analyzed all simulations
involving B-LSMs subjected to 11 trigger patterns. For each pattern, we com-
puted the difference between the number of attractors two time steps prior to
the pattern’s onset and at the pattern’s termination. The average of these differ-
ences, referred to as the rise in the attractor regime, are reported in Table[I] We
see that the expansion of the attractor regime induced by trigger patterns grows
significantly with network size, indicating greater responsiveness and dynamical
complexity in larger reservoirs.

Nb nodes ‘ 5 nodes 6 nodes 7 nodes 8 nodes

drop /rise | -5.5 / 5.4 -15.6 / 16.9 -142.0 / 141.6 -1015.8 / 1012.1

Table 1: Rises and drops in attractor regimes induced by the onsets and terminations of
trigger patterns, respectively. Each pair in the form z/y represents the average decrease
(“drop”) and increase (“rise”) in attractor count associated with the terminations and
onsets of triggers pattern, respectively.

3.4 Effect of spike-timing-dependent plasticity (STDP)

Between trigger patterns, the network undergoes spike-timing-dependent plas-
ticity (STDP) driven by random background inputs (see Section . STDP is
a local mechanism that adjusts synaptic strengths by reinforcing or weakening
connections based on the timing of pre- and post-synaptic spikes. This mecha-
nism is commonly associated with learning, as it refines neural circuits to encode
salient input patterns.
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Fig. 3: Simulations of Boolean networks subject to random background activity and
trigger patterns (indicated by blue bands). Top: a B-LSMs with 7 reservoir nodes. Bot-
tom: a B-LSM with 8 reservoir nodes. The networks undergo STDP during background
activity and GP during trigger patterns. At each time step, the number of attractors
is computed, and the evolution of the attractor regime is displayed (black trace). For
comparison, the attractor regime evolution without GP is shown (dotted trace). The
synaptic change induced by the STDP and GP plasticity mechanisms are also shown
(red trace).

The STDP mechanism drives the network abruptly into low attractor regimes.
This effect is illustrated in Figure [3] where the terminations of trigger periods —
marked by the reactivation of STDP — coincide with sudden drops in the attrac-
tor regime. STDP typically induces small but targeted synaptic changes that
can disrupt the attractor structure of the network. We hypothesize that main-
taining a high-dimensional attractor regime incurs an energetic cost that STDP
alone, when driven by random background input, is unable to support. In this
context, STDP can be interpreted as a form of memory recalibration, enabling
the network to adapt and support new learning. It is important to emphasize
that the behavior of STDP differs markedly when applied to structured input
streams, as opposed to random ones, as detailed in Section [3.5

To better understand this phenomenon, we analyzed simulations involving
networks with 11 trigger patterns. For each pattern, we measured the difference
between the number of attractors attained during the pattern and two time steps
after its termination. The averages of these differences, referred to as the drop in
the attractor regime, is reported in Table[I] The results reveal that the magnitude
of the drops mirrors that of the rises, both showing a significant correlation with
network size.
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3.5 Stability of attractor regimes

Consider a network operating in a high attractor regime. If its synaptic weights
were frozen, the network would necessarily preserve this regime over time, as its
associated automaton (and the cycles it contains) would remain unchanged (see
Section . However, in biological neural networks, synaptic weights are not
abruptly frozen after learning; rather, they are continuously shaped by ongoing
network activity. Furthermore, STDP induced by background activity tends to
significantly reduce the attractor regime, as shown in Section This raises
a natural question: Can neural networks maintain high attractor regimes over
time despite the continuous influence of activity-dependent plasticity?

We demonstrate that a network exposed to specific input streams — rather
than random background activity — can effectively maintain high attractor regimes
over extended periods, even in the presence of STDP. More precisely, we consider
a synaptic configuration of a B-LSM associated with a regime R of 878 attrac-
tors. We then compute a specific input stream that drives the network through
attractors of R, as long as no STDP is enabled. Afterward, we re-enable the
STDP mechanism and track the evolution of the attractor regime in response to
this specific input stream.

The results of this simulation, presented in Figure [4 demonstrate that the
network is capable of maintaining its attractor regime over time, depending on
the learning rate 1. For a very small learning rate (n = 0.0001), the network
retains its high attractor regime indefinitely. In this case, the synaptic changes
induced by this minimal learning rate are too small to alter the dynamical au-
tomaton associated with the network, thereby preserving its attractor regime. At
an intermediate learning rate (n = 0.001), the network initially sustains its high
attractor regime but gradually transitions to lower regimes, displaying plateau-
ing effects. In contrast, for larger learning rates (n = 0.01 and n = 0.1), the
network rapidly collapses into low attractor regimes.

These observations suggest that the magnitude of synaptic changes directly
influences the stability of the dynamical automaton underlying the network.
Small synaptic changes are associated with stability and preservation of the
attractor regime, while large changes lead to its disruption. Overall, this mech-
anism may be interpreted as a form of progressive memory loss in the absence
of memory reactivation.

4 Conclusion

This study investigates the attractor dynamics of small Boolean Liquid State
Machines (B-LSMs) subjected to both local and global synaptic plasticity mech-
anisms: spike-timing-dependent plasticity (STDP) and global plasticity (GP).
This bio-inspired model offers the key advantage of enabling precise enumera-
tion of attractors. Our theoretical and experimental results demonstrate that
B-LSMs can exhibit remarkably rich attractor landscapes.

Our findings demonstrate that STDP alone is insufficient to drive a sub-
stantial expansion of a network’s attractor regime. In most cases, local synaptic
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Fig. 4: Evolution of the attractor regime in the a B-LSM composed of 7 nodes, under a
specific input stream and different STDP learning rates. (Top) The network begins in a
high attractor regime of 878 attractors and receives a crafted inputs (black ticks) that
would confine it to this regime in the absence of STDP. The evolution of the attractor
regime is shown for three STDP learning rates (n = 0.0001, n = 0.001, n = 0.01).
(Bottom) Magnitude of synaptic changes induced by STDP over time.

adjustments induced by unstructured inputs result in a collapse of the attractor
dynamics. In contrast, global synaptic modifications enable a marked expansion
of the attractor landscape of the networks. The association between global synap-
tic changes and specific trigger patterns can be interpreted as a form of learning
or memory retrieval, whereby additional attractor states are (re)incorporated
into the network’s dynamics. Our results also indicate that networks can sus-
tain high-dimensional attractor regimes, provided their inputs consistently guide
them into specific attractor patterns rather than subjecting them to random, un-
structured input.

This study is limited to small networks, as the sheer number of attractors
in larger systems renders direct computation impractical. A promising direction
for future research involves identifying computable networks’ metrics capable
of predicting their attractor regime, thereby enabling the systematic study of
attractor dynamics in larger networks.
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