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We provide a characterization of the expressive powers of several models of deterministic 
and nondeterministic first-order recurrent neural networks according to their attractor 
dynamics. The expressive power of neural nets is expressed as the topological complexity 
of their underlying neural ω-languages, and refers to the ability of the networks to perform 
more or less complicated classification tasks via the manifestation of specific attractor 
dynamics. In this context, we prove that most neural models under consideration are 
strictly more powerful than Muller Turing machines. These results provide new insights 
into the computational capabilities of recurrent neural networks.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

In the central nervous system, one neuron may receive and send projections from and to thousands of other neurons. 
The huge number of connections established by a single neuron and the slow integration time of neurons, operating in the 
milliseconds range (billion times slower than presently available supercomputers), suggest that information in the nervous 
system might be transmitted by simultaneous discharges of large sets of neurons. In addition, the presence of recurrent 
connections within large neural circuits indicates that re-entrant activity through chains of neurons should represent a ma-
jor hallmark of brain circuits [5]. Also, developmental and/or learning processes are likely to potentiate or weaken certain 
pathways through the network by affecting the number or efficacy of synaptic interactions between the neurons [19,30]. 
Hence, the activation of functional cell assemblies in distributed networks might be induced by transmissions of complex 
patterns of activity [1]. In fact, various experimental studies suggest that specific attractor dynamics [20,21,56] as well as 
spatiotemporal pattern of discharges (i.e., ordered and precise interspike interval relationships) [2,49,51,53,54,57] are likely 
to be significantly involved in the processing and coding of information in the brain. Moreover, the association between 
attractor dynamics and repeating firing patterns has been demonstrated in nonlinear dynamical systems [3,4] and in simu-
lations of large scale neuronal networks [28,29].
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On the other hand, since the late 1940’s, the issue of the computational and dynamical capabilities of neural models has 
also been approached from a very theoretical standpoint [34]. In this context, neural networks are considered as abstract 
computing systems and their computational power is investigated from a theoretical computer scientist perspective [33–36,
39–42,48]. As a consequence, the computational power of neural networks has been shown to be intimately related to the 
nature of their synaptic weights and activation functions, and able to range from the finite state automata level [33–35] up 
to Turing [41] and super-Turing capabilities [8,10,39,40]. More recently, the Turing and super-Turing capabilities of various 
models of recurrent neural networks have been extended to the contexts of alternative bio-inspired paradigms of compu-
tation, like reactive-system-based computation [11–13,16] (i.e., abstract devices working over infinite input streams [38,46]) 
or interactive computation [6,9,15,17] (i.e., infinite sequential exchange of information between the system and its environ-
ment [27,50,60]).

Based on these theoretical and experimental considerations, we initiated the theoretical study of the expressive power of 
recurrent neural networks from the perspective of their attractor dynamics [16]. We proved that Boolean recurrent neural 
networks provided with two different kinds of attractors are computationally equivalent to Muller automata, and hence, 
recognize precisely the so-called ω-regular neural languages. Consequently, the most refined topological classification of 
ω-languages [59] can be transposed from the automaton to the neural network context, and yield to some transfinite hier-
archical classification of Boolean neural networks according to their attractor dynamics [11,12]. This classification induces 
a novel attractor-based measure of complexity for Boolean recurrent neural networks, which notably refers to the ability 
of the networks to perform more or less complicated classification tasks, via the manifestation of meaningful or spurious 
attractor dynamics [16].

The present paper pursues this precise research direction and constitutes an extended version of the two proceedings 
papers [7,18]. Here, we provide a characterization of the expressive powers of various models of deterministic and nonde-
terministic sigmoidal (rather than Boolean) first-order recurrent neural networks, in terms of their attractor dynamics. This 
attractor-based expressive power also notably refers to the ability of the networks to perform more or less complicated 
classification tasks of their input streams via the manifestation of meaningful or spurious attractor dynamics, and hence, via 
the manifestation of meaningful or spurious spatiotemporal patterns of discharge.

The paper is organized as follows. In Section 2, we present the mathematical notions required for the development of 
our theory. In Section 3, we recall some basic definitions and facts concerning deterministic and nondeterministic Muller 
Turing machines.

In Section 4, the various models of deterministic and nondeterministic first-order recurrent neural networks under 
consideration are presented. These models are all based on classical first-order recurrent neural network composed with 
Boolean input and output cells as well as sigmoidal hidden units, along the very lines of [8,10,40,41]. The sigmoidal hidden 
neurons introduce the source of nonlinearity which is so important to neural computation. The Boolean input and output 
cells carry out the exchange of discrete information between the network and the environment. When subjected to some 
infinite binary input stream, the Boolean output cells necessarily exhibit some attractor dynamics, which is assumed to 
be of two possible kinds, namely either meaningful or spurious. The neural ω-language of a network then corresponds to 
the set of all input streams which induce a meaningful attractor dynamics. The expressive power of the networks is then 
measured via the topological complexity of their underlying neural ω-languages.

Section 5 provides the results of the paper, which are summarized in Subsection 5.1, and in particular, in Fig. 2 and 
Table 2. In short, the deterministic static rational-weighted neural networks are computationally equivalent to the deter-
ministic Muller Turing machines, and every other model of deterministic or nondeterministic static or evolving neural nets 
is strictly more expressive than the Muller Turing machine model.

Subsection 5.2 concerns the expressive power of the deterministic neural networks. We show that the static rational-
weighted and real-weighted neural networks are computationally equivalent to and strictly more powerful than the deter-
ministic Muller Turing machines, respectively. Moreover, the evolving neural nets are equivalent to the static real-weighted 
ones, irrespective of whether their synaptic weights are modeled by rational or real numbers. They recognize precisely the 
set of all BC(�0

2) neural ω-languages (the finite Boolean combinations of �0
2 neural ω-languages).

Subsection 5.3 focuses on the expressive power of the nondeterministic neural networks. Here, we introduce a novel 
learning-based notion of nondeterminism which encompasses the classical one studied by Siegelmann and Sontag [40,
41]. More precisely, we consider a model of evolving neural networks, where each network might a priori follow various 
patterns of evolution for its synaptic weights. At the beginning of each computation, the network selects one possible 
evolving pattern – in a nondeterministic manner – and then sticks to it throughout its whole computational process. We 
prove that the two models of rational-weighted and real-weighted nondeterministic neural networks are computationally 
equivalent, and recognize precisely the set of all �1

1 neural ω-languages. They are therefore strictly more expressive than 
the nondeterministic Muller Turing machines.

Finally, Section 6 discusses the interpretation and relevance of the results and provides some general concluding remarks.

2. Preliminaries

A topological space is a pair (S, T ) where S is a set and T is a collection of subsets of S such that ∅ ∈ T , S ∈ T , and 
T is closed under arbitrary unions and finite intersections. The collection T is called a topology on S , and its members 
are called open sets. Given some topological space (S, T ), the class of Borel subsets of S , denoted by �1, is the σ -algebra 
1
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generated by T , i.e., the smallest collection of subsets of S containing all open sets and closed under countable union and 
complementation. For every ordinal α < ω1 (where ω1 is the first uncountable ordinal), one defines by transfinite induction 
the following Borel classes:

• �0
1 = {X ⊆ S : X is open},

• �0
α = {X ⊆ S : X� ∈ �0

α},
• �0

α = {X ⊆ S : X =⋃
n≥0 Xn, Xn ∈ �0

αn
, αn < α, n ∈N}, for α > 1,

• �0
α = �0

α ∩ �0
α .

The collection of all classes �0
α , �0

α , and �0
α provides a stratification of the whole class of Borel sets known as the Borel 

hierarchy. One has [31, Section 11.B]

�1
1 =

⋃
α<ω1

�0
α =

⋃
α<ω1

�0
α.

The rank of a Borel set X ⊆ S is the smallest ordinal α such that X ∈ �0
α ∪ �0

α ∪ �0
α , namely the minimal number of 

complementation and countable union operations that are needed in order to obtain X from an initial collection of open 
sets. It is commonly considered as a relevant measure of the topological complexity of Borel sets.

We recall that given two topological spaces (S, T ) and (S ′, T ′), a function f : S → S ′ is continuous if the preimage by f
of any open set (i.e. �0

1-set) of S ′ is an open set (i.e. �0
1-set) of S . Consequently, the preimage by f of any �0

α-set (resp. 
�0

α-set) is a �0
α-set (resp. �0

α-set), for any ordinal α < ω1. A function f : S → S ′ is of Baire class 1 if the preimage by f of 
any �0

1-set of S ′ is a �0
2-set of S .

Besides, given any set A, we let A∗ , A+ and Aω denote respectively the sets of finite sequences, non-empty finite 
sequences and infinite sequences of elements of A. For any x ∈ A∗ ∪ Aω , the length of x is denoted by |x|, the (i + 1)-th 
element of x will be denoted by x(i) for any 0 ≤ i < |x|, and the subsequence of the n-th first elements of x is denoted 
by x[0:n], with the convention that x[0:0] = λ, the empty sequence. Hence, any x ∈ A+ and y ∈ Aω can be written as 
x = x(0)x(1) · · · x(|x| − 1) and y = y(0)y(1)y(2) · · · , respectively. The fact that x is a prefix (resp. strict prefix) of y will be 
denoted by x ⊆ y (resp. x � y). The concatenation of x and y is denoted x · y or simply xy, and for any X ⊆ A∗ and 
Y ⊆ A∗ ∪ Aω , one sets X · Y = {z ∈ A∗ ∪ Aω : z = x · y for some x ∈ X and y ∈ Y }. A set of the form {x} · Aω is generally 
denoted x · Aω . Sometimes, a concatenated space of the form A0 · A1 · · · · will be naturally identified with the corresponding 
product space A0 × A1 ×· · · via the identification a0a1 · · · = (a0, a1, . . .). Finally, a sequence of A∗ ∪ Aω will be called a word, 
and a subset of Aω is generally called an ω-language.

In the sequel, the spaces of N-dimensional Boolean, rational and real vectors will be denoted by BN , QN and RN , 
respectively. The space (BN )ω is naturally assumed to be equipped with the product topology of the discrete topology on 
BN . Accordingly, the basic open sets are of the form p · (BN )ω , for some p ∈ (BN )∗ . The general open sets are countable 
unions of basic open sets. This space is Polish (i.e., separable and completely metrizable) [31]. Moreover, the spaces (QN )ω

and (RN )ω are assumed to be equipped with the product topologies of the usual topologies on QN and RN , respectively. 
Accordingly, the basic open sets are of the form X0 · . . . · Xn · (QN )ω or X0 · . . . · Xn · (RN )ω , for some n ≥ 0, where each Xi is 
an open set of QN or RN for their usual topologies, respectively. The general open sets are countable unions of basic open 
sets. These two spaces are also Polish [31].

In this paper, we will use the following two characterizations of analytic sets as first projections of either �0
2-sets or 

general Borel sets [31]. First, an ω-language L ⊆ (BN )ω is analytic iff there exists some �0
2-set X ⊆ (BN )ω ×{0, 1}ω such that 

L = π1(X) = {s ∈ (BN )ω : ∃ e ∈ {0, 1}ω s.t. (s, e) ∈ X} [31, Exercise 14.3]. This fact will be used in forthcoming Proposition 3. 
Equivalently, L ⊆ (BN )ω is analytic iff there exists some Polish space E and some Borel set X ⊆ (BN )ω × E such that L =
π1(X) [31, Exercise 14.3]. This fact will be used in forthcoming Proposition 4. The class of analytic sets, denoted by �1

1, 
strictly contains that of Borel sets, namely �1

1 � �1
1 [31, Theorem 14.2].

Finally, in the sequel, we will use the word recursive to denote a function, language or procedure that is computable by 
a Turing machine.

3. Muller Turing machines

The study of the behavior of reactive systems has led to the emergence of a theory of automata working on infinite 
objects [38,46].

In this context, a Muller Turing machine can be defined as a pair (M, T ), where M is a classical multitape Turing 
machine whose input tape is associated with a read-only head that only moves to the right, and T is a finite collection of 
sets of states of M (i.e., T = {T1, . . . , Tk} and each Ti is a set of states of M). At the beginning of the computation, an 
infinite input s (usually binary) is written on the input tape. A computation of M on s is defined in the classical way. An 
infinite sequence of successive states visited by M during the processing of s is called an infinite run of M on s, denoted 
by ρs . The set of states appearing infinitely often in ρs is denoted by inf(ρs)

If M is a deterministic Turing machine, an infinite input stream s is said to be accepted by (M, T ) if the unique 
infinite run ρs satisfies inf(ρs) ∈ T , or in other words, if the unique infinite run of M on s induces a set of states that 
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are visited infinitely often which belongs to the collection T ; the infinite input s is said to be rejected otherwise. If M is 
nondeterministic, s is said to be accepted by (M, T ) if there exists an infinite run ρs such that inf(ρs) ∈ T ; s is rejected 
otherwise. The set of all words that are accepted by (M, T ) is the ω-language recognized by (M, T ).

Every ω-language recognized by some deterministic Muller Turing machine belongs to the topological class BC(�0
2) – 

the finite Boolean combinations of �0
2-sets1 [43, Corollary 3.4]. However, a simple cardinality argument shows that not all 

BC(�0
2)-sets can be recognized by some deterministic Muller Turing machine: indeed, there are ℵ0 Muller Turing machines 

and 2ℵ0 sets in BC(�0
2). Besides, the nondeterministic Muller Turing machines are strictly more powerful than the deter-

ministic ones. The ω-languages recognized by nondeterministic Muller Turing machines correspond precisely the class of 
effectively analytic ω-languages, denoted by �1

1 (lightface) [43, Theorem 3.5]. We recall that the relation �1
1 � �1

1 holds [31].
The Muller acceptance condition is the most powerful one amongst those usually investigated in ω-automata theory 

(Büchi, Rabin, Streett, parity) [43, Corollaries 3.4, 3.5 and Theorem 3.5].

4. First-order recurrent neural networks

4.1. Generalities

We consider a general model of first-order recurrent neural networks consisting of three groups of neurons: a layer of 
“input” cells, which is connected to a set of recurrently interconnected “hidden” neurons, which is itself connected to a 
layer of “output” cells. At each time step, the activation values of each neuron is given by an affine combination of the other 
cells’ activation values and inputs.

The sigmoidal hidden neurons introduce the biological source of nonlinearity which is so important to neural compu-
tation. They provide the possibility to surpass the capabilities of finite state automata, or even of Turing machines. The 
sigmoidal activation functions are particularly appropriate for the implementation of various learning algorithms. In neuro-
biology, they are usually considered as a representation of the rate of action potential firing in the cell. The Boolean input 
and output cells carry out the exchange of discrete information between the network and the environment. It will be no-
ticed that, if some infinite input stream is supplied, the output cells necessarily enter into some attractor dynamics. The 
Boolean nature of the input and output cells provides the possibility to consider recurrent neural networks as computing 
systems working on discrete inputs and outputs streams, and consequently, to compare their computational capabilities to 
those of classical abstract machines, along the lines of [8,10,40,41]. The expressive power of the networks will be related to 
the attractor dynamics of their Boolean output cells.

4.2. Deterministic recurrent neural networks

A deterministic (first-order) recurrent neural network (simply denoted by DRNN) consists of a synchronous network of neu-
rons related together in a general architecture. The network contains M Boolean input cells (ui)

M
i=1, N sigmoidal hidden 

neurons (xi)
N
i=1, and P Boolean output cells (yi)

P
i=1. The dynamics of the network is computed as follows: given the activa-

tion values of the input and hidden neurons (u j)
M
j=1 and (x j)

N
j=1 at time t , the activation values of each sigmoidal hidden 

and Boolean output neuron xi and yi at time t + 1 are updated by the following equations, respectively:

xi(t + 1) = σ

⎛
⎝ N∑

j=1

aij(t) · x j(t) +
M∑

j=1

bij(t) · u j(t) + ci(t)

⎞
⎠ for i = 1, . . . , N (1)

yi(t + 1) = θ

⎛
⎝ N∑

j=1

aij(t) · x j(t) +
M∑

j=1

bij(t) · u j(t) + ci(t)

⎞
⎠ for i = 1, . . . , P (2)

where aij(t), bij(t), and ci(t) are the weighted synaptic connections and bias of the network at time t , and σ and θ are the 
linear sigmoidal2 and the Heaviside step activation functions respectively defined by:

σ(x) =

⎧⎪⎨
⎪⎩

0 if x < 0,

x if 0 ≤ x ≤ 1,

1 if x > 1

and θ(x) =
{

0 if x < 1,

1 if x ≥ 1.

We assume that the modification of the synaptic weights is constrained by the biological constitution of the synapses, 
i.e., that aij(t), bij(t), ci(t) ∈ [S, S ′] for all t ≥ 0, i = 1, . . . , N and j = 1, . . . , M , where S, S ′ ∈ R, and S ≤ 0 ≤ 1 ≤ S ′ . In the 

1 BC(�0
2) is the collection of sets obtained by finite unions, intersections and complementations of �0

2-sets.
2 The linear sigmoidal activation function is a simple piecewise linear approximation of a general sigmoidal activation function. However, the results of 

this paper remain valid for any other kind of sigmoidal activation function satisfying the properties mentioned in [32, Section 4].
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sequel, a synaptic weight w will be called static if w(t) = C , for all t ≥ 0. It is bi-valued evolving if w(t) ∈ {0, 1}, for all t ≥ 0, 
and it is (general) evolving if w(t) ∈ [

S, S ′], for all t ≥ 0.
The dynamics of any DRNN N is therefore given by the function fN : BM ×BN → BN ×BP defined by

fN (u(t),x(t)) = (x(t + 1),y(t + 1)) (3)

where the components of x(t + 1) and y(t + 1) are given by Equations (1) and (2), respectively.
Consider some DRNN N provided with M Boolean input cells, N sigmoidal hidden cells, and P Boolean output cells. For 

each time step t ≥ 0, the Boolean vector

u(t) = (u1(t), . . . , uM(t)) ∈ BM

describing the activation values of the M input units of N at time t is the input submitted to N at time t . The pair

〈x(t),y(t)〉 ∈ [0,1]N ×BP

describing the activation values of the hidden and output cells at time t is the state of N at time t . The second element of 
this pair, namely y(t), is the output state of N at time t .

Assuming the initial state of the network to be 〈x(0), y(0)〉 = 〈0, 0〉, any infinite input stream

s = (u(t))t∈N = u(0)u(1)u(2) · · · ∈ (BM)ω

induces via Equations (1) and (2) an infinite sequence of consecutive states

cs = (〈x(t),y(t)〉)t∈N = 〈x(0),y(0)〉〈x(1),y(1)〉 · · · ∈ ([0,1]N ×BP )ω

called the computation of N induced by s. The corresponding infinite sequence of output states

c′
s = (y(t))t∈N = y(0)y(1)y(2) · · · ∈ (BP )ω

is the Boolean computation of N induced by s.
Note that any DRNN N (with P Boolean output cells) can only have 2P – i.e., finitely many – possible distinct output 

states. Consequently, for any infinite Boolean computation c′
s , there necessarily exists at least one output state that recurs 

infinitely often in c′
s . In fact, any Boolean computation c′

s necessarily consists of a finite prefix of output states followed by 
an infinite suffix of output states that repeat infinitely often – yet not necessarily in a periodic manner. The non-empty set 
of all the output states that repeat infinitely often in c′

s will be denoted by inf(c′
s). According to these considerations, a set 

of states of the form inf(c′
s) for some computation c′

s will be called an attractor for N . A precise definition can be given as 
follows [16]:

Definition 1. Let N be some DRNN. A set A = {y0, . . . , yk} ⊆ BP is an attractor for N if there exists some infinite input 
stream s such that the corresponding Boolean computation c′

s satisfies inf(c′
s) = A.

In other words, an attractor of N is a set of output states into which the computation of the network could become 
forever trapped – yet not necessarily in a periodic manner – for some infinite input stream s.

In this work, we suppose that the attractors can be of two distinct types, namely either meaningful or spurious. The 
type of each attractor could be determined by its neurophysiological significance with respect to measurable observations, 
e.g. associated with certain behaviors or sensory discriminations. The classification of these attractors into meaningful or 
spurious types is not the subject of this paper. For a referenced discussion about meaningful and spurious attractors in bio-
logical neural networks, see [16, Section “Neurophysiological Meaningfulness”]. Hence, from this point onwards, we assume 
any DRNN to be equipped with a corresponding classification of all of its attractors into meaningful and spurious types.

According to these considerations, given some DRNN N , an infinite input stream s ∈ (BM)ω of N is called meaningful
if inf(c′

s) is a meaningful attractor, and it is called spurious if inf(c′
s) is a spurious attractor. The set of all meaningful input 

streams of N is called the neural ω-language recognized by N and is denoted by L(N ). A set L ⊆ (BM)ω is said to be 
recognizable by some DRNN if there exists a network N such that L(N ) = L.

Finally, six different models of DRNNs will be considered according to the nature of their synaptic weights:

1. The static rational DRNNs (DRNN[Q]s) refers to the class of all DRNNs whose every weights are static and modeled by 
rational values.

2. The static real (or analog) DRNNs (DRNN[R]s) refers to the class of all DRNNs whose every weights are static and modeled
by real values.

3. The bi-valued evolving rational DRNNs (Ev2-DRNN[Q]s) refers to the class of all DRNNs whose every evolving weights are 
bi-valued and every static weights are rational.

4. The bi-valued evolving real DRNNs (Ev2-DRNN[R]s) refers to the class of all DRNNs whose every evolving weights are 
bi-valued and every static weights are real.
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Table 1
The six models of DRNNs according to the nature of their 
the synaptic weights.

Static Bi-valued Evolving Evolving

Q DRNN[Q] Ev2-DRNN[Q] Ev-DRNN[Q]

R DRNN[R] Ev2-DRNN[R] Ev-DRNN[R]

5. The (general) evolving rational DRNNs (Ev-DRNN[Q]s) refers to the class of all DRNNs whose every evolving and static 
weights are rational.

6. The (general) evolving real DRNNs (Ev-DRNN[R]s) refers to the class of all DRNNs whose every evolving and static weights 
are real.

These models are summarized in Table 1. Note that the bi-valued evolving and the evolving models capture the key 
feature of learning, i.e., the possibility of an adaptation of the synaptic weights. Note also that in the above definitions, 
bi-valued or general evolving DRNNs are not necessarily required to contain at least one evolving weight. Moreover, by 
definition, any rational weight is obviously a specific real weight, and any bi-valued evolving weight is a specific general 
evolving weight. Hence, the following relationship between the expressive powers of the six classes of DRNNs holds (where 
“C1 ≤ C2” signifies “the class C1 is less expressive than or equally expressive to the class C2”). This relationship is represented 
by directed arrows in Fig. 2.

DRNN[Q]s ≤ Ev2-DRNN[Q]s ≤ Ev-DRNN[Q]s≤ ≤ ≤

DRNN[R]s ≤ Ev2-DRNN[R]s ≤ Ev-DRNN[R]s

4.3. Nondeterministic recurrent neural networks

In their seminal work, Siegelmann and Sontag introduced a notion of nondeterministic recurrent neural network, where 
the nondeterminism is expressed by means of some extra Boolean stream – a so-called “guess stream” – transmitted to the 
network [40,41]. Formally, in their framework, a nondeterministic recurrent neural network N consists of a classical recurrent 
neural networks provided with an additional Boolean “guess cell”. Such a network N would accept the input stream s if 
there exists some Boolean guess stream g ∈ Bω such that the network N , when receiving input s and guess g , provides an 
accepting output. It would reject the input stream s if for all Boolean guess stream g ∈ Bω , the network N , when receiving 
input s and guess g , provides a rejecting output. The set of all input streams accepted by the network is the language 
recognized by the network, denoted by L(N ).

This concept of nondeterminism can be directly transposed to the current computational context. However, we chose to 
introduce some alternative notion of nondeterminism which is, on the one hand, more general than the notion of Siegel-
mann and Sontag (cf. Remark 1 below), and on the other hand, closer to the biological framework, for it is directly related 
to the key concept of learning. In the present case, the nondeterminism is expressed as a set of possible patterns of evo-
lution that the synaptic connections of the network might follow over the successive time steps. At the beginning of a 
computation, the network selects one such possible evolving pattern – in a nondeterministic manner – and then sticks to it 
throughout its whole computational process.

Formally, a nondeterministic (first-order) recurrent neural network (denoted by NRNN) consists of a pair (N , E), where N is 
a recurrent neural networks of the form described in Section 4.2, namely with a dynamics governed by Equations (1) and (2), 
and E ⊆ ([S, S ′]K )ω is a set of infinite sequences of K -dimensional vectors describing the set of all possible evolutions for 
the K evolving synaptic connections of N (K is assumed to be smaller than the total number of synaptic connections of N ). 
According to this definition, any DRNN N is a particular case of a NRNN (N , E) where the evolution set E is reduced to a 
singleton.

Given some NRNN (N , E), every element

e = e(0)e(1)e(2) · · · ∈ E

is called a possible evolution for (N , E), where each vector e(t) describes the values of the K evolving synaptic weights of 
N at time step t . The set E is called the evolution set of (N , E). Assuming the initial state of the network to be 〈x(0), y(0)〉 =
〈0, 0〉, any infinite input stream s = (u(t))t∈N ∈ (BM)ω and evolution e = (e(t))t∈N ∈ E induce via Equations (1) and (2) an 
infinite sequence of consecutive states and output states

c(s,e) = (〈x(t),y(t)〉)t∈N ∈ ([0,1]N ×BP )ω and c′
(s,e) = (y(t))t∈N ∈ (BP )ω

called the computation and Boolean computation of (N , E) induced by (s, e), respectively. Furthermore, the Definition 1 of 
an attractor remains unchanged in this case, and once again, we assume that any NRNN is equipped with a corresponding 
classification of all of its attractors into meaningful and spurious types.
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Accordingly, an infinite input stream s ∈ (BM)ω is called meaningful if there exists some evolution e ∈ E such that inf(c′
(s,e))

is a meaningful attractor, and it is called spurious otherwise, i.e., if for all evolution e ∈ E , the set inf(c′
(s,e)) is a spurious 

attractor. The set of all meaningful input streams is called the neural ω-language recognized by (N , E) and is denoted by 
L((N , E)). A set L ⊆ (BM)ω is said to be recognizable by some nondeterministic recurrent neural network if there exists a 
NRNN (N , E) such that L((N , E)) = L.

Two different models of NRNNs are considered according to the nature of their synaptic weights.

1. The rational NRNNs (NRNN[Q]s) is the class of all NRNNs whose every weights are rational.
2. The real (or analog) NRNNs (NRNN[R]s) is the class of all NRNNs whose every weights are real.

Since any rational weight is also a real weight, the following relationship between the expressive powers of the two models 
of NRNNs holds. It is represented by a directed arrow in Fig. 2.

NRNN[Q]s ≤ NRNN[R]s

Finally, depending on whether (N , E) is either a NRNN[Q] or a NRNN[R], one has either E ⊆ ((Q ∩ [S, S ′])K )ω or 
E ⊆ ((R ∩[S, S ′])K )ω = ([S, S ′]K )ω . Accordingly, we assume from now on that (Q ∩[S, S ′])K and (R ∩[S, S ′])K = [S, S ′]K are 
equipped with the subspace topologies3 of QK and RK , and that ((Q ∩ [S, S ′])K )ω and ((R ∩ [S, S ′])K )ω are equipped with 
the product topologies of these subspace topologies, respectively. These two spaces ((Q ∩[S, S ′])K )ω and ((R ∩[S, S ′])K )ω =
([S, S ′]K )ω , as a product of Polish spaces, are therefore Polish. We further assume that the evolution set E is a closed subset 
of these Polish subspaces, and hence is also Polish [31].4

Remark 1. Note that the “classical nondeterminism” a la Siegelmann and Sontag (described at the beginning of this section) 
is a particular case of our notion of nondeterminism. More precisely, for every “classical” nondeterministic version of some 
network N of Section 4.2, there exists some NRNN (Ñ , E) of the kind described above such that L(N ) = L((Ñ , E)). The 
argument is the following. Suppose that N is an evolving real network (as described in Section 4.2), yet being considered in 
a “classical” nondeterministic way, i.e., equipped with an additional Boolean guess cell g as well as with the corresponding 
nondeterministic acceptance condition. Suppose also that N contains K evolving weights whose evolutions are given by the 
infinite sequence e = e(0)e(1)e(2) · · · ∈ ((R ∩ [S, S ′])K )ω . We define Ñ as being the same network as N , but with the guess 
cell g being considered as a hidden cell x with an associated evolving bias c(t). We further define the closed evolution 
set of Ñ associated with its K + 1 evolving weights (the K same ones as N plus c(t)) as E = ∏

t∈N ({e(t)} × {0,1}) ⊆
((R ∩[S, S ′])K+1)ω . Accordingly, (Ñ , E) is a NRNN[R] as described above. The accepting conditions of N and (Ñ , E) ensure 
that L(N ) = L((Ñ , E)). Moreover, since any static rational, static real, bi-valued evolving rational, bi-valued evolving real, or 
general evolving rational network is a particular evolving real network (cf. Section 4.2), the argument can be generalized to 
these five other cases.

The current notion of nondeterminism actually refers to some learning paradigm that the networks might select in a 
nondeterministic manner at the beginning of a computational process. Accordingly, it would rather correspond to some 
nondeterministic learning rather than some nondeterministic computation. In this sense, it is in our opinion closer to the 
biological framework. Notably, this nondeterministic learning encompasses the notion of nondeterministic computation a la 
Siegelmann and Sontag.

4.4. Attractors and spatiotemporal patterns of discharge

Various experimental studies suggest that specific attractor dynamics [20,21,56] as well as spatiotemporal pattern of 
discharges, i.e., ordered and precise interspike interval relationships [2,49,51,53,54,57], are likely to be significantly involved 
in the processing and coding of information in the brain. Moreover, the association between attractor dynamics and spa-
tiotemporal patterns has been demonstrated in nonlinear dynamical systems [3,4] and in simulations of large scale neuronal 
networks [28,29]. Spatiotemporal patterns are therefore assumed to be the witnesses of an underlying attractor dynamics – 
which itself would be a key feature of neural coding.

In our model, the periodic attractor dynamics of the neural networks are the precise phenomena that underly the arising 
of spatiotemporal patterns of discharges of the Boolean output cells. To illustrate this, suppose that some deterministic or 
nondeterministic neural network contains the three Boolean output cells y0, y1, y2, and that some infinite input stream s
induces a corresponding Boolean computation of the form

c′
s = y(0) · · · y(n)

[(
0
0
1

)(
1
0
0

)(
0
1
1

)]ω

3 Given a topological space (S, T ) and a subset X of S , the subspace topology on X is defined as TX = {X ∩ U : U ∈ T }.
4 The forthcoming results remain valid with E taken as �0

2.
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Fig. 1. The spatiotemporal pattern corresponding to periodic suffix of the Boolean computation c′
s . This spatiotemporal pattern corresponds to the periodic 

occurrences of the output states of the attractor inf(c′
s) = {(0, 0, 1)T , (1, 0, 0)T , (0, 1, 1)T }. The lines under the spike raster plots indicate the successive 

occurrences of the pattern.

Table 2
Expressive power of the eight models of RNNs.

Deterministic Nondeterministic

Static Bi-valued Evolving Evolving Evolving (by def.)

Q DRNN[Q]s ∈ BC(�0
2) Ev2-DRNN[Q]s = BC(�0

2) Ev-DRNN[Q]s = BC(�0
2) NRNN[Q]s = �1

1

R DRNN[R]s = BC(�0
2) Ev2-DRNN[R]s = BC(�0

2) Ev-DRNN[R]s = BC(�0
2) NRNN[R]s = �1

1

For this Boolean computation, the corresponding attractor is

inf(c′
s) = {(0,0,1)T , (1,0,0)T , (0,1,1)T }

and it is visited in a periodic way. The periodic visit of this attractor by the Boolean computation c′
s corresponds precisely 

to the spatiotemporal pattern illustrated in Fig. 1.

5. Expressive power of recurrent neural networks

5.1. Summary of the results

We provide a theoretical characterization of the expressive powers of the six models of DRNNs and the two models of 
NRNNs. These results (Theorems 1, 2 and 3) are summarized in Table 2 and Fig. 2.

5.2. The deterministic case

First, we show that the neural ω-languages recognized by DRNN[Q]s are equivalent to those recognized by deterministic 
Muller Turing machines, and thus belong to the class BC(�0

2) of (BM)ω (Theorem 1). Next, we prove that the five other 
models of Ev2-DRNN[Q]s, Ev-DRNN[Q]s, DRNN[R]s, Ev2-DRNN[R]s, and Ev-DRNN[R]s are equivalent to each other, recog-
nize the whole class of BC(�0

2) of (BM)ω , and therefore, are all strictly more powerful than the deterministic Muller Turing 
machines (Theorem 2).

Theorem 1. Let L ⊆ (BM)ω be some ω-language. Then L is recognizable by some DRNN[Q] if and only if L is recognizable by some 
deterministic Muller TM. In particular, if L is recognizable by some DRNN[Q], then L ∈ BC(�0

2).

Proof. Let N be some DRNN[Q] recognizing the neural ω-language L(N ). Since the synaptic weights of N are rational and 
remain constant over time, Equations (1) and (2) are recursive, and hence, the function fN described in Equation (3) is also 
clearly recursive. Consequently, there exists some TM M with N + P work tapes which can simulate the behavior of N by 
writing on its tapes the successive rational and Boolean activations values of the N and P hidden and output cells of N , 
respectively. We next provide M with 2P additional designated states q1, . . . , q2P , and we modify its program in such a way 
that, after each simulation step, M enters state qi iff N is in the i-th output state bi ∈ BP , according to the lexicographic 
order. In this way, each infinite input stream s ∈ (BM)ω induces on the one side, in the network N , a Boolean computation 
c′

s with an associated attractor inf(c′
s) ⊆ BP , and, on the other side, in the machine M, an infinite run ρs with an associated 

set of sates that are visited infinitely often inf(ρs) of the form inf(ρs) = Q ∪ Q ′ , with Q ′ ⊆ {q1, . . . , q2P } and Q ′ �= ∅. By con-
struction, for any infinite input streams s, s′ ∈ (BM)ω , the relation inf(c′

s) �= inf(c′ ′ ) ⇒ inf(ρs) �= inf(ρs′ ) holds. We can thus 
s
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Fig. 2. Relationships between the expressive powers of the eight models of first-order RNNs. There is a directed arrow from one model to the other if the 
former is less expressive than or equally expressive to the latter. The relation represented by these arrows is clearly transitive. These relations are established 
in Subsections 4.2 and 4.3. In the sequel, we show that DRNN[Q]s are computationally equivalent to deterministic Muller Turing machines (Theorem 1). 
The five other models of Ev2-DRNN[Q]s, Ev-DRNN[Q]s, DRNN[R]s, Ev2-DRNN[R]s, Ev-DRNN[R]s are all equivalent to each other, and strictly more powerful 
than deterministic Muller Turing machines (Theorem 2). Furthermore, the two models of NRNN[Q]s and NRNN[R]s are computationally equivalent to each 
other, and strictly more powerful than nondeterministic Muller Turing machines as well as than all kinds of deterministic neural networks (Theorem 3). To 
illustrate these results, the arrows are labeled by a “<” or an “=” to designate if there is a strict inequality or an equality between the expressive powers 
of the respective models.

define the following Muller table of M, namely T = {inf(ρs) : inf(c′
s) is a meaningful attractor for N , for any s ∈ (BM)ω}.5

According to this construction, one has s ∈ L(N ) iff inf(c′
s) is a meaningful attractor iff inf(ρs) ∈ T iff s ∈ L(M). Therefore, 

L(N ) = L(M), showing that L(N ) is recognized by the deterministic Muller TM M.
Conversely, let M be some deterministic Muller TM with the table T = {T1, . . . , Tk} and associated ω-language L(M). By 

the construction given in [41], there exists some (static) rational-weighted RNN N which can simulate the behavior of M. 
Now, if M contains n states q1, . . . , qn , we provide N with P additional Boolean output cells y1, . . . , y P , with P satisfying 
2P ≥ n, and we update the simulation process such that, during the processing of the input stream, the machine M visits 
the state qk iff the network N activates the k-th output state bk , according to the lexicographic order, for k = 1, . . . , n. Next, 
for each element Ti = {qi1 , . . . , qik(i)} of the Muller table T of M, we set the meaningful attractor Ai = {bi1 , . . . , bik(i) } in 
the network N . All other possible attractors of N are considered to be spurious. In this way, for any infinite input stream 
s ∈ (BM)ω , the infinite run ρs of M satisfies inf(ρs) ∈ T iff the Boolean computation c′

s of N satisfies that inf(c′
s) is a 

meaningful attractor. In other words, s ∈ L(M) iff s ∈ L(N ). Therefore, L(M) = L(N ), showing that L(M) is recognized by 
the DRNN[Q] N .

The second part of the Theorem comes from the previous equivalence and the fact that any ω-language recognized by 
some deterministic Muller TM is in BC(�0

2) [38]. �
Theorem 2. The five models of Ev2-DRNN[Q]s, Ev-DRNN[Q]s, DRNN[R]s, Ev2-DRNN[R]s, and Ev-DRNN[R]s are equivalent to each 
other: they recognize the class of BC(�0

2) neural ω-languages. In other words, for any ω-language L ⊆ (BM)ω , the following conditions 
are equivalent:

5 Note that the relation inf(c′
s) �= inf(c′

s′ ) ⇒ inf(ρs) �= inf(ρs′ ) ensures that the table T is well defined, since it is impossible to have a situation where 
inf(c′

s) is meaningful, inf(c′
s′ ) is spurious, and inf(ρs) = inf(ρs′ ), which would mean that inf(ρs) ∈ T , inf(ρs′ ) /∈ T .
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1. L ∈ BC(�0
2)

2. L is recognizable by some Ev2-DRNN[Q]
3. L is recognizable by some Ev-DRNN[Q]
4. L is recognizable by some DRNN[R]
5. L is recognizable by some Ev2-DRNN[R]
6. L is recognizable by some Ev-DRNN[R]

Proof. The proof is achieved via the two forthcoming Propositions 1 and 2.
First, let L ⊆ (BM)ω such that L ∈ BC(�0

2). By Proposition 1, L is recognized by some Ev2-DRNN[Q] and by some 
DRNN[R]. By definition, L is also recognizable by some Ev-DRNN[Q], Ev2-DRNN[R], and Ev-DRNN[R] (cf. arrows in Fig. 2). 
This proves the five implications from Point (1) to Points (2), (3), (4), (5), and (6).

Conversely, assume that L is recognizable by some Ev2-DRNN[Q], some Ev-DRNN[Q], some DRNN[R], or some 
Ev2-DRNN[R]. By definition, L is also recognizable by some Ev-DRNN[R] (cf. arrows in Fig. 2). By Proposition 2, L ∈ BC(�0

2). 
This proves the five other implications from Points (2), (3), (4), (5), and (6) to Point (1). �

We now proceed to the proofs of Propositions 1 and 2.

Proposition 1. Let L ⊆ (BM)ω . If L ∈ BC(�0
2), then L is recognizable by some DRNN[R] and by some Ev2-DRNN[Q].

Proof. First of all, let L ⊆ (BM)ω such that L ∈ �0
2. We will consider the case of L ∈ BC(�0

2) afterwards. Then L can be 
written as

L =
⋂
i≥0

⋃
j≥0

pi, j · (BM)ω

where each pi, j ∈ (BM)∗ . Hence, a given infinite input s ∈ (BM)ω belongs to L iff for all index i ≥ 0 there exists an index 
j ≥ 0 such that s ∈ pi, j · (BM)ω , or equivalently, iff for all i ≥ 0 there exists j ≥ 0 such that pi, j � s. Besides, as described 
in details in [13], one can show that the infinite sequence (pi, j)i, j∈N can be encoded into some single real number rL such 
that, for any pair of indices (i, j) ∈ N ×N, the decoding procedure of (rL, i, j) �→ pi, j is actually recursive.

According to these considerations, the problem of determining whether some input s ∈ (BM)ω supplied step by step be-
longs to L or not can be decided in infinite time by the Algorithm 1 given below. This algorithm consists of two subroutines 
performed in parallel. It uses the designated real number rL (on line 12), and it is designed in such a precise way that, on 
every input s ∈ (BM)ω , it returns infinitely many 1’s iff s ∈⋂

i≥0
⋃

j≥0 pi, j · (BM)ω = L. Moreover, note that if the designated 
real number rL is provided in advance, then every step of Algorithm 1 is actually recursive.

Algorithm 1 Procedure which uses the designated real number rL .
Require: Input s = u(0)u(1)u(2) · · · ∈ (BM )ω supplied step by step at successive time steps t = 0, 1, 2, . . .

1: SUBROUTINE 1
2: c ← 0 // c counts the number of letters of s
3: for all time step t ≥ 0 do
4: store each incoming Boolean vector u(t) ∈ BM

5: c ← c + 1
6: end for
7: END SUBROUTINE 1

8: SUBROUTINE 2
9: i ← 0, j ← 0

10: loop
11: wait until c ≥ |pi, j | // wait until length(s) ≥ length(pi, j)

12: decode pi, j from rL // recursive procedure if rL is given in advance
13: if pi, j ⊆ s[0:c] then // s ∈ pi, j · (BM )ω

14: return 1 // ∃ j s.t. s ∈ pi, j · (BM )ω

15: i ← i + 1, j ← 0 // test if s ∈ pi+1,0 · (BM )ω

16: else // s /∈ pi, j · (BM )ω

17: return 0 // ¬∃ j′ ≤ j s.t. s ∈ pi, j · (BM )ω

18: i ← i, j ← j + 1 // test if s ∈ pi, j+1 · (BM )ω

19: end if
20: end loop
21: END SUBROUTINE 2

Consequently, according to the real time computational equivalence between rational-weighted RNNs and TMs [41], there 
exists some RNN[Q] N1 such that, if the real number rL is given in advance as the activation value of one of its neuron x, 
then N1 is actually capable of simulating the behavior of Algorithm 1. In particular, to perform line 4, one uses M distinct 
cells in order to store the M Boolean components of u(t) (see [41] for further details). Consequently, if one adds to x a 
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background synaptic connection of real intensity rL , one obtains a RNN[R] N2 capable of simulating Algorithm 1. Hence, if 
one provides N2 with an additional Boolean output cell y which is designed to take value 1 iff Algorithm 1 returns a 1, 
one obtains a DRNN[R] N such that, on every input s ∈ (BM)ω , the Boolean output cell y will produce infinitely many 1’s 
iff Algorithm 1 will return infinitely many 1’s, namely iff s ∈ ⋂

i≥0
⋃

j≥0 pi, j · (BM)ω = L. Consequently, by taking {(1)} and 
{(0), (1)} as the two meaningful attractors of N , one has L(N ) = L, meaning that L is recognized by some DRNN[R].

We now modify the proof in order to capture the case of an Ev2-DRNN[Q]. In this context, one can show that the infinite 
sequence (pi, j)i, j∈N can be encoded into some infinite word w L ∈ {0, 1}ω such that, for any pair of indices (i, j) ∈ N × N, 
the decoding procedure of (w L, i, j) �→ pi, j is actually recursive. According to these considerations, we modify Algorithm 1
by assuming that it receives the designated infinite word w L bit by bit instead of having the designated real number rL be 
provided in advance. One then replaces lines 11 and 12 by the following two ones:

11: wait until pi, j has been encoded in w L and until c ≥ |pi, j |
12: decode pi, j from w L

Algorithm 1 can be performed by some Ev2-DRNN[Q]. Indeed, in the DRNN[R] N described above, one replaces 
the static background activity of neuron x of real intensity rL by an evolving background activity of intensities w L =
w L(0)w L(1)w L(2) · · · ∈ {0, 1}ω . In this way, one obtains a network N ′

1 whose all static synaptic weights are rational and 
whose only evolving synaptic weight is bi-valued. We next slightly modify this networks in order to perform correctly the 
recursive updated lines 11 and 12 of Algorithm 1. One obtains an Ev2-DRNN[Q] N ′ such that, on every input s ∈ (BM)ω , 
the Boolean output cell y of N ′ will produce infinitely many 1’s iff the updated Algorithm 1 will return infinitely many 1’s, 
namely iff s ∈ ⋂

i≥0
⋃

j≥0 pi, j · (BM)ω = L. Therefore, by taking {(1)} and {(0), (1)} as the two sole meaningful attractors of 
N ′ , one obtains L(N ′) = L, meaning that L is recognized by some Ev2-DRNN[Q].

This concludes the proof for the case of L ∈ �0
2. We finally extend the proof for the case of L ∈ BC(�0

2). We thus 
show that any finite union and any complementation of a �0

2-set can also be recognized by some DRNN[R] and by some 
Ev2-DRNN[Q].

First, let L = L1 ∪ L2 such that Li ∈ �0
2, for i = 1, 2. By the previous arguments, there exist two DRNN[R]s (or two 

Ev2-DRNN[Q]s) N1 and N2 which recognize L1 and L2, respectively. By suitably merging N1 and N2 into some new 
network N , and by setting as meaningful attractors of N all those involving at least one output state for which at least 
one of the two Boolean output cells is spiking, one obtains a DRNN[R] (or an Ev2-DRNN[Q]) N that recognizes L1 ∪ L2. In 
other words, one has L(N ) = L1 ∪ L2 = L.

Secondly, let L ∈ �0
2. Then by definition, L� ∈ �0

2. By the previous arguments, there exists a DRNN[R] (or an 
Ev2-DRNN[Q]) N which recognizes L� via some relevant simulation of Algorithm 1. We now slightly update N in a way 
that its only Boolean output cell y takes value 1 iff Algorithm 1 returns a 0 (instead of 1). One thus obtains a DRNN[R] (or 
an Ev2-DRNN[Q]) N ′ such that, on every input s ∈ (BM)ω , the Boolean output cell y of N ′ will produce infinitely many 1’s 
as well as only finitely many 0’s iff Algorithm 1 will return infinitely many 0’s and finitely many 1’s, i.e. iff s /∈ L� , i.e. iff 
s ∈ L. Consequently, by taking {(1)} as the sole meaningful attractor of N ′ , one obtains a DRNN[R] (or an Ev2-DRNN[Q]) 
N ′ that recognizes L. In other terms, L(N ′) = L.

According to these considerations, if L ∈ BC(�0
2), then L is recognizable by some DRNN[R] and by some

Ev2-DRNN[Q]. �
Proposition 2. Let L ⊆ (BM)ω . If L is recognizable by some Ev-DRNN[R], then L ∈ BC(�0

2).

Proof. Let L ⊆ (BM)ω be recognizable by some Ev-DRNN[R] N . Suppose that N contains the K meaningful attractors 
Ai = {bi1 , . . . , bik(i) }, for i = 1, . . . , K , where 1 ≤ i1 < . . . < ik(i) ≤ 2P , and where bn denotes the n-th Boolean vector of BP

according to the lexicographic order.
Note that the dynamics of N can naturally be associated with the function gN : (BM)ω → (BP )ω defined by gN (s) = c′

s , 
where c′

s = y(0)y(1)y(2) · · · is the Boolean computation generated by N when the infinite input stream s = u(0)u(1)u(2) · · ·
is received. The nature of our dynamics ensures that this function is sequential, i.e., for any time step t ≥ 0, the Boolean 
vectors u(t) and y(t) are generated simultaneously. Hence, gN is Lipschitz and thus continuous, cf. [13, Lemma 1].

Consequently, the neural ω-language L(N ) can be expressed as follows:

L(N ) =
{

s ∈ (BM)ω : inf(c′
s) is a meaningful attractor

}
=
{

s ∈ (BM)ω : inf(c′
s) = Ai for some i = 1, . . . , K

}

=
K⋃{

s ∈ (BM)ω : inf(c′
s) = Ai

}

i=1
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=
K⋃

i=1

{
s ∈ (BM)ω : for all j ∈ {i1, . . . , ik(i)},

gN (s) contains infinitely many b j ’s, and

for all j ∈ {1, . . . ,2P } \ {i1, . . . , ik(i)},
gN (s) contains finitely many b j ’s

}

=
K⋃

i=1

[ ⋂
j∈{i1,...,ik(i)}

{
s ∈ (BM)ω : gN (s) has infinitely many b j ’s

}
∩

⋂
j∈ {1,...,2P }\

{i1,...,ik(i)}

{
s ∈ (BM)ω : gN (s) has finitely many b j ’s

}]

=
K⋃

i=1

[ ⋂
j∈{i1,...,ik(i)}

{
s ∈ (BM)ω : gN (s) ∈

⋂
n≥0

⋃
m≥0

(BP )n+m · b j · (BP )ω

︸ ︷︷ ︸
c′

s contains infinitely many b j ’s, i.e.
∀n ≥ 0 ∃m ≥ n c′

s(n + m) = b j

thus in �0
2

}
∩

⋂
j∈ {1,...,2P }\

{i1,...,ik(i)}

{
s ∈ (BM)ω : gN (s) ∈

(⋂
n≥0

⋃
m≥0

(BP )n+m · b j · (BP )ω
)�

︸ ︷︷ ︸
c′

s contains only finitely many b j ’s
complement of a �0

2-set, thus in �0
2

}]

=
K⋃

i=1

[ ⋂
j∈{i1,...,ik(i)}

g−1
N

(⋂
n≥0

⋃
m≥0

(BP )n+m · b j · (BP )ω
)

︸ ︷︷ ︸
preimage by a continuous function of a �0

2-set, thus in �0
2

∩

⋂
j∈ {1,...,2P }\

{i1,...,ik(i)}

g−1
N

((⋂
n≥0

⋃
m≥0

(BP )n+m · b j · (BP )ω
)�)

︸ ︷︷ ︸
preimage by a continuous function of a �0

2-set, thus in �0
2

]

It follows that L(N ) ∈ BC(�0
2), since it consists of finite unions and finite intersections of �0

2 and �0
2 sets. �

5.3. The nondeterministic case

We show that both models of NRNN[Q]s and NRNN[R]s are computationally equivalent to each other, and recognize 
precisely the class of all analytic sets (�1

1). Therefore, their expressive powers strictly encompass that of Muller Turing 
machines, which is restricted to the effectively analytic sets (�1

1 lightface) (cf. Section 3).

Theorem 3. Let L ⊆ (BM)ω be some ω-language. The following conditions are equivalent:

1. L ∈ �1
1;

2. L is recognizable by some NRNN[Q] (N , E);
3. L is recognizable by some NRNN[R] (N , E).

Proof. (1) → (2) is provided by the forthcoming Proposition 3. (2) → (3) holds by definition. (3) → (1) is provided by the 
forthcoming Proposition 4. �

First, we show that any analytic neural ω-language L can be recognized by some NRNN[Q] (N , E). The idea of the proof 
is the following. To begin with, we note that the analytic set L can be written as the first projection π1 of some �0

2-set 
X ⊆ (BM)ω × {0, 1}ω (cf. Section 2). Next, we consider some recursive encoding of X by an infinite word w X ∈ {0, 1}ω . 
Afterwards, we consider a NRNN[Q] (N , E) equipped with only two possible evolving synaptic connections: one which 
might follow any possible binary evolution e ∈ {0, 1}ω , and the other one which always follows the same binary evolution 
w X ∈ {0, 1}ω . We then design the static part of N such that the network visits a meaningful attractor iff the current input 



1244 J. Cabessa, A.E.P. Villa / Journal of Computer and System Sciences 82 (2016) 1232–1250
s and evolving synaptic pattern e ∈ {0, 1}ω are such that (s, e) belongs the set encoded by w X , namely X . In this way, 
L((N , E)) = π1(X) = L, and thus L is recognized by (N , E).

Proposition 3. Let L ⊆ (BM)ω such that L ∈ �1
1 . Then there exists some NRNN[Q] (N , E) such that L((N , E)) = L.

Proof. Since L ∈ �1
1, there exists some X ⊆ (BM)ω × {0, 1}ω such that X ∈ �0

2 and L = π1(X) (cf. Section 2). Since X ∈ �0
2, 

it can be written as X =⋂
i≥0

⋃
j≥0(pi, j · (BM)ω × qi, j · {0, 1}ω), where each (pi, j, qi, j) ∈ (BM)∗ × {0, 1}∗ . Consequently, the 

set X (and hence also L) is completely determined by the countable sequence of pairs of finite prefixes ((pi, j , qi, j))i, j≥0. We 
consider some encoding w X ∈ {0, 1}ω of the sequence ((pi, j, qi, j))i, j≥0 such that, for any pair of indices (i, j) ∈ N × N, the 
decoding procedure (w X , i, j) �→ (pi, j, qi, j) is actually recursive.

We now consider the infinite procedure given by Algorithm 2 below. This procedure requires as input and auxiliary 
items the following three infinite sequences delivered step by step: an infinite input stream s ∈ (BM)ω , an infinite word 
e ∈ {0, 1}ω chosen arbitrarily, and the precise infinite word w X ∈ {0, 1}ω . Note that provided that these three items are 
correctly supplied by some external source, every instruction of the procedure is actually recursive. Farther note that, by 
construction, the Algorithm 2 returns infinitely many 1’s on the pair of infinite sequences (s, e) iff (s, e) belongs to X .

Algorithm 2 Infinite procedure.
Require:

1. Input s = u(0)u(1)u(2) · · · ∈ (BM )ω supplied step by step at successive time steps t = 0, 1, 2, . . .
2. some auxiliary infinite word e = e(0)e(1)e(2) · · · ∈ {0, 1}ω supplied step by step at successive time steps t = 0, 1, 2, . . .
3. the specific auxiliary infinite word w X = w X (0)w X (1)w X (2) · · · ∈ {0, 1}ω supplied step by step at successive time steps t = 0, 1, 2, . . .

1: SUBROUTINE 1
2: c ← 0 // c counts the number of letters provided so far
3: for all time step t ≥ 0 do
4: store each incoming Boolean vector u(t) ∈ BM

5: store each incoming bit e(t) ∈ {0, 1}
6: store each incoming bit w X (t) ∈ {0, 1}
7: c ← c + 1
8: end for
9: END SUBROUTINE 1

10: SUBROUTINE 2
11: i ← 0, j ← 0
12: loop
13: wait until w X [0:c] becomes long enough to contain the encoding of (pi, j, qi, j)

14: wait until c ≥ max{|pi, j |, |qi, j |}
15: decode (pi, j, qi, j) from w X [0:c] // recursive procedure
16: if pi, j ⊆ s[0:c] and qi, j ⊆ e[0:c] then // (s, e) ∈ pi, j · (BM )ω × qi, j · {0, 1}ω
17: return 1 // ∃ j s.t. (s, e) ∈ pi, j · (BM )ω × qi, j · {0, 1}ω
18: i ← i + 1, j ← 0 // test if (s, e) ∈ pi+1,0 · (BM )ω × qi+1,0 · {0, 1}ω
19: else // (s, e) /∈ pi, j · (BM )ω × qi, j · {0, 1}ω
20: return 0 // ¬∃ j′ ≤ j s.t. (s, e) ∈ pi, j′ · (BM )ω × qi, j′ · {0, 1}ω
21: i ← i, j ← j + 1 // test if (s, e) ∈ pi, j+1 · (BM )ω × qi, j+1 · {0, 1}ω
22: end if
23: end loop
24: END SUBROUTINE 2

Based on the infinite procedure, we provide the description of a NRNN[Q] (N , E) such that L((N , E)) = L. The network 
(N , E) contains only two evolving synaptic weights w1(t) and w2(t) which evolve among only two possible values, 0 or 1. 
All other synaptic weights are static and rational. The weight w1(t) might follow every possible evolution in {0, 1}ω , while 
w2(t) always follows the same evolution, which are the successive letters of w X . Formally, one has the following closed set 
of possible evolutions:

E = {ẽ ∈ ({0,1}2)ω : (ẽ(t))0 ∈ {0,1} and (ẽ(t))1 = w X (t), for any t ≥ 0}.
We then consider a neural circuit which stores the incoming values of the input stream s ∈ (BM)ω into M designated 

neurons, as well as two neural circuits which store the successive bits of w1(t) and w2(t) into two designated neurons 
(see [41] for further technical details). Afterwards, according to the real time computational equivalence between (static) 
rational RNNs and TMs [41], we consider a (static) rational RNN which is suitably designed and connected to the above 
mentioned circuits in order to simulate all the recursive instructions of Algorithm 2. We then add a single Boolean output 
neuron y and update the whole construction in order that y takes an activation value of 1 iff the simulation of Algorithm 2
by our network enters the instruction “return 1”. Finally, the Boolean output cell y leads to the existence of only three 
possible attractors, namely {(0)}, {(0), (1)}, and {(1)}. We set {(0)} as spurious, and {(0), (1)} and {(1)} as meaningful.

In this way, one has the description of a NRNN[Q] (N , E) which suitably simulates the behavior of Algorithm 2. By 
construction, given any infinite input s ∈ {0, 1}ω and infinite evolution ẽ = (e(t), w X (t))t∈N ∈ E , the Boolean computation 
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c′
(s,ẽ) visits a meaningful attractor iff Algorithm 2 returns infinitely many 1’s on the pair of infinite sequences (s, e) (where 

e = e(0)e(1)e(2) · · · is the sequence of first coordinates of ẽ).
Therefore, one has that s ∈ L((N , E)) iff, by definition, there exists some ẽ ∈ E such that inf(c′

(s,ẽ)) is meaningful, iff 
there exists e ∈ {0, 1}ω such that inf(c′

(s,ẽ)) is meaningful (since the second coordinates of ẽ are fixed), iff, by construction, 
there exists e ∈ {0, 1}ω such that Algorithm 2 returns infinitely many 1’s on the pair of infinite sequences (s, e), iff there 
exists e ∈ {0, 1}ω such that the pair (s, e) ∈ X , iff, by definition, s ∈ π1(X) = L. Therefore, L((N , E)) = L, showing that L is 
recognized by the NRNN[Q] (N , E). �

Conversely, we show that every ω-language recognized by some NRNN is analytic. Towards this purpose, we need a 
preliminary Lemma. This result is based on the important result [10, Lemma 9] which states that, for every t ≥ 0, any 
evolving real-weighted neural network N can be perfectly simulated by some other evolving rational-weighted neural 
network Nt , up to time step t .

Lemma 1. Let (N , E) be some NRNN[R] and let f(N ,E) : (BM)ω × E → (BP )ω be the function defined by f(N ,E)(s, e) = c′
(s,e) , where 

c′
(s,e) = y(0)y(1)y(2) · · · is the Boolean computation produced by (N , E) when it receives the input stream s = u(0)u(1)u(2) · · · and 

evolution e = e(0)e(1)e(2) · · · . Then f(N ,E) is of Baire class 1.

Proof. Note that the nature of our dynamics ensures that the function f(N ,E) is sequential, i.e., for any time step 
t ≥ 0, the vectors u(t), e(t) and y(t) are generated simultaneously. Therefore, for any t ≥ 0, the t first Boolean vectors
y(0)y(1) · · · y(t − 1) only depend on the t first input and evolution vectors u(0)u(1) · · · u(t − 1) and e(0)e(1) · · · e(t − 1). 
Formally, given any basic open set y · (BP )ω with y ∈ (BP )∗ , one has that f −1

(N ,E)
(y · (BP )ω) is of the form


y =
⋃
i∈I

[
ui · (BM)ω × (eR,i · ([S, S ′]K )ω ∩ E)

]

where each ui ∈ (BM)|y| and eR,i ∈ ([S, S ′]K )|y| (i.e., ui and eR,i are sequences of length |y|).
Now, the result [10, Lemma 9] ensures that, for any (s, e) ∈ (BM)ω × E , the Boolean computation produced by (N , E)

subjected to (s, e) is the very same – up to time step |y| – as that produced by (N , E) subjected to (s, e′), where e′ is 
obtained by truncating all the components of all the vectors of e after t(|y|) bits,6 for some function t : N → N. Formally, 
by [10, Lemma 9], given any ui and eR,i as above, there exists IQ,i =

(∏K
k=1[a j,k,b j,k]

)
j<|y| , where each a j,k, b j,k ∈ Q and 

eR,i ∈ IQ,i , and such that

f(N ,E)

(
ui · (BM)ω × (IQ,i · ([S, S ′]K )ω ∩ E)

)
⊆ y · (BP )ω.

Hence, if we let ui · (BM)ω × (IQ,i · ([S, S ′]K )ω ∩ E) be denoted by Ci , the above relation is equivalent to Ci ⊆ f −1
(N ,E)

(y ·
(BP )ω) = 
y , for each i ∈ I , and thus 

⋃
i∈I Ci ⊆ 
y . On the other hand, by construction of the closed hyper-intervals IQ,i , 

one has 
y ⊆⋃
i∈I Ci . Therefore, 
y =⋃

i∈I Ci , i.e.,


y =
⋃
i∈I

[
ui · (BM)ω × (IQ,i · ([S, S ′]K )ω ∩ E)

]
.

Since the bounds of the hyper-intervals IQ,i ’s are rational numbers, there exist only countably many distinct ui and IQ,i , 
and thus, 
y can be rewritten as


y =
⋃
i∈ J

[
ui · (BM)ω × (IQ,i · ([S, S ′]K )ω ∩ E)

]

where the index set J is countable.
Now, notice that for each i ∈ J , the sets ui · (BM)ω and IQ,i · ([S, S ′]K )ω ∩ E are cl-open and closed sets of (BM )ω and E , 

respectively. Consequently, ui · (BM)ω × (eR,i · ([S, S ′]K )ω ∩ E) is a closed set of (BM)ω × E , as a product of closed sets, and 

y is a �0

2-set of (BM)ω × E , as a countable union of closed sets. Therefore, f(N ,E) of Baire class 1. �
Proposition 4. Let (N , E) be some NRNN[R]. Then L((N , E)) ∈ �1

1 .

6 Note that for any r ∈ R, the set of r′ ∈ R such that the truncations of (the binary representations of) r and r′ after n bits are the same is a closed 
interval of the form [a, b], where a, b ∈Q and r ∈ [a, b]. Formally, a and b are the rational numbers whose binary representations are r|n · 0ω and r|n · 1ω , 
respectively, where r|n denotes the truncation of (the binary representations of) r after n bits.
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Proof. Since N contains finitely many Boolean output cells, it can exhibit finitely many possible output states, and thus 
also finitely many possible attractors. This feature is independent from the nondeterministic behavior associated with the 
set of possible evolutions E . Hence, suppose that N contains the I meaningful attractors Ai = {bi1 , . . . , bik(i) }, for i = 1, . . . , I , 
where 1 ≤ i1 < . . . < ik(i) ≤ 2P , and where bn denotes the n-th Boolean vector of BP according to the lexicographic order. 
Then, the ω-language L((N , E)) can be expressed by the following sequence of equalities (where we use the fact that f(N ,E)

is of Baire class 1, established in Lemma 1):

L((N , E)) = {
s ∈ (BM)ω : there exists e ∈ E s.t. inf (c′

(s,e)) is a meaningful attractor
}

= {
s ∈ (BM)ω : there exists e ∈ E s.t. inf(c′

(s,e)) = Ai, for some i = 1, . . . , I
}

= π1

({
(s, e) ∈ (BM)ω × E : inf(c′

(s,e)) = Ai , for some i = 1, . . . , I
})

= π1

( I⋃
i=1

{
(s, e) ∈ (BM)ω × E : inf(c′

(s,e)) = Ai
})

= π1

( I⋃
i=1

{
(s, e) ∈ (BM)ω × E :

∀ j ∈ {i1, . . . , ik(i)}, f(N ,E)(s, e) contains infinitely many b j ’s and

∀ j ∈ {1, . . . ,2P } \ {i1, . . . , ik(i)}, f(N ,E)(s, e) contains finitely many b j ’s
})

= π1

( I⋃
i=1

[ ⋂
j∈{i1,...,ik(i)}

{
(s, e) ∈ (BM)ω × E : f(N ,E)(s, e) ∈

⋂
n≥0

⋃
m≥0

(BP )n+m · b j · (BP )ω

︸ ︷︷ ︸
c′
(s,e) contains infinitely many b j ’s, i.e.

∀n ≥ 0 ∃m ≥ n y(n+m) = b j , thus in �0
2

} ∩

⋂
j∈ {1,...,2P }\

{i1,...,ik(i)}

{
(s, e) ∈ (BM)ω × E : f(N ,E)(s, e) ∈

(⋂
n≥0

⋃
m≥0

(BP )n+m · b j · (BP )ω
)�

︸ ︷︷ ︸
c′
(s,e) contains only finitely many b j ’s, i.e.

complement of a �0
2-set, thus in �0

2

}])

= π1

( I⋃
i=1

[ ⋂
j∈{i1,...,ik(i)}

f −1
(N ,E)

(⋂
n≥0

⋃
m≥0

(BP )n+m · b j · (BP )ω
)

︸ ︷︷ ︸
preimage by a Baire class 1 function of a �0

2-set
thus in �0

3 [31]

∩

⋂
j∈ {1,...,2P }\

{i1,...,ik(i)}

f −1
(N ,E)

((⋂
n≥0

⋃
m≥0

(BP )n+m · b j · (BP )ω
)�)

︸ ︷︷ ︸
preimage by a Baire class 1 function of a �0

2-set
thus in �0

3 [31]

])

It follows that L((N , E)) is a projection of a finite union and intersection of �0
3 and �0

3 subsets of the Polish space (BM )ω ×
E , and therefore, L((N , E)) ∈ �1

1. �
6. Discussion

6.1. Beyond the Turing limits

We have characterized the expressive powers of several models of deterministic and nondeterministic first-order sig-
moidal recurrent neural networks in relation with their attractor dynamics.

In the deterministic context, we have considered six different models of RNNs according to whether the synaptic weights 
are modeled by rational or real numbers, and according to whether the these synaptic weights are either of a static nature, 
or able to evolve over time among only two possible values, or able to evolve over time among any possible values between 
two designated bounds. We have shown that DRNN[Q]s are computationally equivalent to deterministic Muller Turing 
machines (Theorem 1). The five other models of Ev2-DRNN[Q]s, Ev-DRNN[Q]s, DRNN[R]s, Ev2-DRNN[R]s, Ev-DRNN[R]s are 
computationally equivalent to each other and strictly more powerful than deterministic Muller Turing machines – with 
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a class of ω-languages equal to BC(�0
2) (Theorem 2). These results show that the incorporation of bi-valued evolving 

capabilities into some basic model of rational-weighted recurrent neural networks provides the possibility to break the 
Turing barrier of computation. The additional consideration of real synaptic weights or of any more general mechanism of 
architectural evolvability would actually not further increase the capabilities of the neural networks. These considerations 
constitute a precise generalization to the current computational context of those obtained for the cases of classical as well 
as interactive computations [6,8–10,15,17].

In the nondeterministic context, we have proven that the two models of NRNN[Q]s and NRNN[R]s are computationally 
equivalent to each other and strictly more expressive than the nondeterministic Muller Turing machines – with a class of 
ω-languages equal to �1

1 (Theorem 3). Consequently, the nondeterminism does inject an extensive amount of computational 
power to the neural systems, from BC(�0

2) to �1
1. The consideration of real synaptic weights does in this case not provide 

any further expressive power to the neural networks. The added value of the power of the continuum is somehow absorbed 
by the nondeterminism.

Overall, these results show that bi-valued evolving capabilities of neural networks represent sufficient conditions to 
transcend the classical Turing barrier of computation and achieve maximal computational capabilities. Any further kind of 
analog or general evolving assumptions can be dropped out without compromizing the achievement of this maximal com-
putational power. This feature is of specific interest, since discrete architectural evolving phenomena are indeed observable 
in biological neural networks – as opposed to the power of the continuum, which remains at a conceptual level. These 
considerations also provide novel theoretical insights into the correlation that would exist between the learning paradigms 
(achieved via evolving synaptic weights) and the computational capabilities of neural networks.

Our achievements also show that recurrent neural networks constitute a natural model of computation beyond the 
scope classical Turing machines [14]. The computational processes that cannot be encompassed by the classical Turing ma-
chine model (in whatever computational paradigm) have sometimes be referred to as super-Turing [39]. In our context, the 
emergence of such super-Turing capabilities necessarily requires the consideration of non-recursive real numbers or non-
computable patterns of evolution in the model. Otherwise, the whole process could be simulated by some Turing machine. 
The question of the possible achievement of such super-Turing capabilities in biological neural networks lies beyond the 
scope of this work. For deeper philosophical considerations about hypercomputation, see for instance [23,24,37,44,45].

6.2. Attractor dynamics and spatiotemporal patterns

The key element that we want to emphasize is the association between dynamical systems, attractor dynamics, and 
spatiotemporal patterns. In fact, attractor dynamics and spatiotemporal patterns of discharges are likely to be significantly 
involved in the processing and coding of information in the brain [1,51]. For instance, experimental evidence exist of at-
tractor dynamics in the time series of neuronal spikes recorded in the brain of rats and primates performing some specific 
behavioral task [20,21,56]. Spatiotemporal patterns of discharges have been observed in several brain areas and in rela-
tion with specific sensory stimulations and behavioral paradigms [2,49,51–54,57]. They have also been observed in neural 
network simulations at various scales [28,55], in particular as the outcome of evolvable changes in synaptic weights deter-
mined by simple learning rules [29]. Furthermore, the association between attractor dynamics and repeating firing patterns 
has been demonstrated in nonlinear dynamical systems [3,4] and in simulations of large scale neuronal networks [28,29]. 
Hence, it is important to consider the spatiotemporal patterns not as kind of Morse-code messages, but rather as wit-
nesses of an underlying dynamics – the attractor dynamics – which is assumed to be a key feature of neural coding. A real 
spatiotemporal pattern observed in the context of an experimental paradigm is illustrated in Fig. 3.

Our attractor-based approach to the computational capabilities of recurrent neural networks is justified by the fact that, 
in our model, the periodic attractor dynamics of the neural networks are the precise phenomena that underly the arising 
of spatiotemporal patterns of discharges, as described in Section 4.4. Our results suggest that the computational power 
of recurrent neural networks would be related to the topological complexity of their underlying neural ω-language, i.e., 
the set of input streams which induce a meaningful attractors dynamics. In other words, some aspect of the computational 
capabilities of recurrent neural networks would be precisely determined by the ability of these networks to perform more or 
less complicated classification tasks of their input streams via the manifestation of meaningful or spurious attractor dynamics.

To illustrate this feature, consider some recurrent neural network N whose associated ω-language would be the (very) 
basic �0

1-set L(N ) = 0 · 0 · 1 · (BM)ω (where 0 and 1 denote the M-dimensional vectors with only 0’s and 1’s, respectively). 
If some input stream s is supplied to the network N , then it will simply look at the three first elements of s, and, if they 
correspond to 0, 0 and 1, it will accept the whole input by entering into some meaningful attractor (since s ∈ 0 ·0 ·1 ·(BM)ω); 
otherwise, it will reject the input by entering into some spurious attractor (since s /∈ 0 · 0 · 1 · (BM)ω). Consequently, in this 
basic case, the classification task of N reduces to the simple scanning procedure of the three first elements of s in order to 
accept or reject the input

However, if the ω-language L(N ) consists of a more topologically complicated set, then the classification task performed 
by N to accept or reject the input will amount to a much more complicated “procedure”. For instance, Algorithm 1 describes 
the classification task associated with a �0

2 ω-language. Algorithm 2 describes the classification task associated with a 
�1

1-set, i.e., a set which can be of any of the ω1 (transfinitely many) Borel ranks, and even higher. In this case, the power 
of the nondeterminism is crucially involved: it provides – through the evolvability of the network – an encoded additional 
information which allows the network to reduce its classification task to that of a �0 ω-language only (this is precisely the 
2
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Fig. 3. In an experimental paradigm, freely-moving behaving rats were trained to discriminate two classes of human vowels [26,52]. If the discrimination 
was correct, the rats had to go to a specific area of the labyrinth and received a food reward. After reaching a steady-state performance, usually above 90%, 
the rats underwent a brain surgery and multiple electrodes were fit in an area of the cerebral cortex connected to the ascending auditory pathway and in 
the inferolimbic cortex, that is an area of the cerebral cortex associated with higher cerebral functions (processing of cross-contingencies, time relations, 
rehearsal of memory traces). The figure shows a spatiotemporal pattern of discharges associated to the class of stimuli that were priming the food reward. 
Note that the firing pattern was associated with the equivalence class of the vowel, irrespective of the pitch or any other simple acoustical feature. A. Raster 
display of the activities of three cortical neurons: Cells #1 and #6 were recorded in the auditory area Te1 from the left hemisphere from two different 
electrodes, and cell #10 in the auditory area Te3 from the right hemisphere. The rasters are aligned by displaying the first spike in the pattern at lag 0 ms. 
The pattern occurred 9 times during the session, starting with a spike of cell #10, then after 190 ms a spike of cell #1 with a jitter ±3 ms and then after 
218 ± 3 ms a spike of cell #6. This pattern is denoted 〈10, 1, 6; 190 ± 3, 408 ± 3〉. B. The same triplet is plotted at a different time scale such to show the 
corresponding stimuli onset times. Notice that the pattern occurred always after stimuli of the class ’s’, but that the lag after specific stimuli, i.e. ’s9’, is 
much shorter than after other specific stimuli, i.e. ’s1’.

idea of the proof of Proposition 3). In all cases, the output of the classification task is provided by an attractor dynamics: 
a meaningful attractor signifies the acceptance of the input, and a spurious one signifies rejection.

In this sense, a neural ω-language can be associated to some corresponding classification task. The topological complex-
ity of that language would then correspond to the intricacy of the corresponding task. According to this correspondence, 
those classification tasks referring to non-Turing recognizable ω-languages can be argued as lying outside the scope of cur-
rent algorithmic. They could be qualified as super-Turing or hypercomputational procedures. The real-weighted and evolving 
recurrent neural networks are capable to perform such hypercomputational tasks.

We can now illustrate these theoretical considerations in the experimental context described in Fig. 3. In this case, 
a biological neural network performs the discrimination of an equivalence class of a human vowels. The discrimination of 
the auditory input – leading to the classification of an equivalence class of human vowels – is achieved via some specific 
attractor dynamics of the neural network activity, which, in turn, evokes precise spatiotemporal patterns of discharges that 
can be detected experimentally. According to our model, the neural ω-language of the neural network would correspond to 
the set of auditory inputs which belong to the suitable equivalence class of a human vowels. The problem of determining 
whether some given auditory input belongs to its neural ω-language or not corresponds to the classification task performed 
by the neural network. The output of this classification process, expressed via some meaningful or spurious attractor dynamics, 
would evoke the precise spatiotemporal patterns of discharge that are detected experimentally. The computational power of 
the neural network, determined as the topological complexity of its underlying ω-language, would correspond to the intricacy 
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of the classification task performed by the network. Note that the observed spatiotemporal patterns do not allow to conclude 
anything about the topological complexity of the underlying neural ω-language, or in other words, about the intricacy of 
the classification task of the biological network.

6.3. Conclusion

The present study provides a novel theoretical approach to the crucial role that attractors and spatiotemporal patterns 
of discharges play in the computational capabilities of neural networks, and more generally, in the processing and coding of 
information in the brain. It establishes a link between the attractor dynamics of the networks, their spatiotemporal patterns 
of discharge, and their ability to perform more or less intricate discrimination tasks.

Recently, Cicurel and Nicolelis argued that the brain cannot be simulated by any Turing machine [22]. They claim that 
the brain should rather be conceived as a hybrid digital-analog computational engine (HDACE):

According to the relativistic brain theory, complex central nervous systems like ours generate, process, and store informa-
tion through the recursive interaction of a hybrid digital-analog computation engine (HDACE). In the HDACE, the digital 
component is defined by the spikes produced by neural networks distributed all over the brain, whereas the analog 
component is represented by the superimposition of time-varying, neuronal electromagnetic fields (NEMFs), generated 
by the flow of neuronal electrical signals through the multitude of local and distributed loops of white matter that exist 
in the mammalian brain. [22, p. 27]

Our concept of recurrent neural networks – composed with Boolean and sigmoidal cells – follows such a hybrid digital-
analog – but also evolvable or adaptale – conception of the brain. Accordingly, the present work provides a theoretical 
foundation towards the understanding of the computational capabilities of such hybrid digital-analog-evolving brain-like 
models of computation.

For future work, a refined classification of the expressive power of recurrent neural networks according to the nature 
of their real synaptic weights or patterns of evolution is expected to be studied. For instance, it would be particularly 
interesting to understand the conditions on the synaptic weights or patterns of evolution that would correspond to the 
various Borel classes, or even the Wadge classes7 [58], of the networks’ underlying ω-languages. Besides, a study of the 
relationship between the graph topology of the networks and the topological complexity of their underlying ω-languages 
would also be of specific interest. This would provide a characterization of the graph theoretical invariants involved in 
the attractor-based computational complexity of the networks. More generally, the study of the computational capabilities 
of more biologically-oriented neural models involved in more bio-inspired paradigms of computation is expected to be 
pursued.

Finally, we hope that such comparative studies between the computational capabilities of neural models and abstract 
machines might eventually bring further insight into the understanding of both biological and artificial intelligences. We 
believe that similarly to the foundational work from Turing [47], which played a crucial role in the practical realization of 
modern computers, further theoretical considerations about neural- and natural-based models of computation shall con-
tribute to the emergence of novel computational technologies, and step by step, open the way to the next computational 
generation.
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