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Introduction
°

Classifying w-rational languages

Automata Algebra
The Wagner Hierarchy [CarPer96,99], [DupRis06]
[Wag79] The FSG-hierarchy
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w-Automata
®0

Muller automaton (deterministic)

A is a labeled graph, with 7, C P°.

0

() 1

oWlliB
0

Ta = {{%}, {au}}

1
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w-Automata
®0

Muller automaton (deterministic)

A is a labeled graph, with 7, C P°.

0

' 1

oWl O
0

T4 = {{00}, {d}}

Then L¥(A) = A*(0~ U 1v).

1
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w-Automata
oe

The following conditions are equivalent:

L is w-rational
L is recognizable by a finite Muller automaton.
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Introduction w-Automata The Wagner hierarchy

@00

The Wagner Hierarchy
(classification of w-rational languages)
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The Wagner hierarchy
®00

The Wagner Hierarchy
(classification of w-rational languages)

Definition (Wagner hierarchy)

The collection of all w-rational languages ordered by the
continuous reduction (<) is called the Wagner hierarchy.
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The Wagner hierarchy
®00

The Wagner Hierarchy
(classification of w-rational languages)

Definition (Wagner hierarchy)

The collection of all w-rational languages ordered by the
continuous reduction (<) is called the Wagner hierarchy.

O, B
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The Wagner hierarchy
®00

The Wagner Hierarchy
(classification of w-rational languages)

Definition (Wagner hierarchy)

The collection of all w-rational languages ordered by the
continuous reduction (<) is called the Wagner hierarchy.
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The Wagner hierarchy
000

The Wagner hierarchy has a height of w“, and it is

decidable.

Wagner s
naming procedure
L(ﬂ)
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The Wagner hierarchy
ooe

lllustration of Wagner’s decidability procedure
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Introduction w-Automata The Wagner hierarchy oups chy Conclusion

[ele] J

lllustration of Wagner’s decidability procedure

Classifying w-rational language is equivalent to classifying
their underlying Muller automata.
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Introduction w-Automata The Wagner hierarchy oups chy Conclusion

[ele] J

lllustration of Wagner’s decidability procedure

Classifying w-rational language is equivalent to classifying
their underlying Muller automata.

T = {{d}, {d2, a3}, {as}, {06, a7}, {06}, {010, Aua}, {2} }
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The Wagner hierarchy
ooe

lllustration of Wagner’s decidability procedure

Classifying w-rational language is equivalent to classifying
their underlying Muller automata.
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T = {{d}, {d2, a3}, {as}, {06, a7}, {06}, {010, Aua}, {2} }
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The Wagner hierarchy
ooe

lllustration of Wagner’s decidability procedure

Classifying w-rational language is equivalent to classifying
their underlying Muller automata.

O Q

303

2 &

T = {{d}, {d2, a3}, {as}, {06, a7}, {06}, {010, Aua}, {2} }
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lllustration of Wagner’s decidability procedure

Classifying w-rational language is equivalent to classifying
their underlying Muller automata.

T = {{d}, {d2, a3}, {as}, {06, a7}, {06}, {010, Aua}, {2} }
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Introduction w-Automata The Wagner hierarchy oups chy Conclusion

[ele] J

lllustration of Wagner’s decidability procedure

Classifying w-rational language is equivalent to classifying
their underlying Muller automata.

[+]wl-2

§[+]w1.3

[Ho'-3

T = {{d}, {d2, a3}, {as}, {06, a7}, {06}, {010, Aua}, {2} }
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Introduction w-Automata The Wagner hierarchy

[ele] J

lllustration of Wagner’s decidability procedure

Classifying w-rational language is equivalent to classifying
their underlying Muller automata.

[+]w?-2

§[+]w1.3

[Ho'-3

d(B) = dy((A) =0 -3 +2
and L(“A) is non-self-dual

T = {{d}, {d2, a3}, {as}, {06, a7}, {06}, {010, Aua}, {2} }
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w-Semigroups
[Jelelele)

w-rational languages

finite -automata <:> finite (-semigroups
a(bc) = (ab)c & infinite product
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Introduction w-Automata gner hierarchy w-Semigroups The chy Conclusion
00000

An w-semigroup is a semigroup equipped with a suitable
infinite product.

w-semigroup
S =(S84, S0)
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Introduction w-Automata gner hierarchy w-Semigroups The chy Conclusion
00000

An w-semigroup is a semigroup equipped with a suitable
infinite product.

w-semigroup
S =(S84, S0)

S

semigroup
x(yz) = (xy)z
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Introduction w-Automata gner hierarchy w-Semigroups The chy Conclusion
00000

An w-semigroup is a semigroup equipped with a suitable
infinite product.

w-semigroup
S =(S84, S0)

Notation: ms(X, X, X, X, . . .) will be written x*.
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ction w-Auto mata 4 ner hierarchy w-Semigroups

An w-semigroup is a semigroup equipped with a suitable
infinite product.

pointed w-semigroup
(S = (S84, Sw)» XQS(D)
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Introduction w-Automata 'agner hierarchy w-Semigroups

00e00

Finite pointed w-semigroups are the algebraic
counterparts of Muller automata.
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w-Semigroups
0000

Finite pointed w-semigroups are the algebraic
counterparts of Muller automata.

Theorem

An w-language is recognizable by a finite pointed
w-semigroup iff it is recognizable by a finite Muller
automaton (iff it is w-rational).
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w-Semigroups

[e]e]e] le}

Consider the language K = ((a+ b)*a)“.

The Algebraic Counterpar Jérémie Cabessa



w-Semigroups
00000

Consider the language K = ((a+ b)*a). Then
Synt(K) = (S, X), where
m S= ({0,1}, {0~ 1¥}) defined by the relations

0.0=0 0-1=0 1-0=0 1-1=1
00°=0” 10°=0° 01“=1¢ 11¥=1¥

m X ={0"}.
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w-Semigroups

[e]e]ele] J

Consider the language L = (a{b, c}* U {b})~.
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Introduction w-Automata 4 er hierarchy w-Semigroups

Consider the language L = (a{b,c}* U {b})~. Then
gynt(L) = (T,Y), where
m T = ({ab,cca}, {a” (ca)”,0}) is defined by

a’=a ab=a ac=a ba= a
b’=b bc=c cb=c =c
b= a“ c’=0 aa’= a” a(ca)“= a”

ba“=a” b(ca)’= (ca)” ca’= (ca)® c(ca)“= (ca)”

mY={a"}.

The Algebraic Counterpart of the Wagner Hierarchy Jérémie Cabessa



The FSG-hierarchy

®0000000000

We aim to classify finite pointed w-semigroups. We adopt
a hierarchical game approach.
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The FSG-hierarchy

0O@000000000

LetS=(S,.S,))and T = (T,, T,) be two w-semigroups,
andletalso X C S,andY C T,.

The infinite two-player game SG ((S. X), (T, Y)) is defined
as follows:

Jérémie Cabessa
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The FSG-hierarchy

0O@000000000

LetS=(S.,S,)and T = (T, T,) be two w-semigroups,
andletalso X C S,andY C T,.

The infinite two-player game SG ((S. X), (T, Y)) is defined
as follows:
m Player | plays elements from S, ,

Jérémie Cabessa
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The FSG-hierarchy

0O@000000000

LetS=(S.,S,)and T = (T, T,) be two w-semigroups,
andletalso X C S,andY C T,.

The infinite two-player game SG ((S. X), (T, Y)) is defined
as follows:

m Player | plays elements from S, ,

m Player Il plays elements from T,
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The FSG-hierarchy

0O@000000000

LetS=(S.,S,)and T = (T, T,) be two w-semigroups,
andletalso X C S,andY C T,.

The infinite two-player game SG ((S. X), (T, Y)) is defined
as follows:

m Player | plays elements from S, ,

m Player Il plays elements from T,

m players | and Il play alternately, Player | begins,

Jérémie Cabessa
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Introduction w-Automata e Wagner hierarchy

0O@000000000

LetS=(S.,S,)and T = (T, T,) be two w-semigroups,
andletalso X C S,andY C T,.

The infinite two-player game SG ((S. X), (T, Y)) is defined
as follows:

m Player | plays elements from S, ,

m Player Il plays elements from T,

m players | and Il play alternately, Player | begins,

m Player Il may skip her turn, Player | is not allowed,
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The ierarchy

[e]e] le]e]e]ele]ele]e)

) after w moves

D s SI e = <SOSISQ>
N / N\

Il — to - aﬁerw—r?wes (t07 t,t, - )

The Algebraic Counterpart of the Wa Jérémie Cabessa



Introduction w-Automata gner hierarchy oups The FSG-hierarchy Conclusion

[e]e] le]e]e]ele]ele]e)

after w moves

D s SI e —= <SOSISQ>
N\ /! N\
Il — to - aﬁerw—r?wes <t07 t,t, - )

m Player Il wins the game SG ((S, X), (T,Y)) iff

either Ws(So,Sl,...) c Xandﬂ"r(to,tl,...) eyY
or 7T3<SO‘51‘...> §ZXand7rT(to,t1,...) ¢Y
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The FSG-hierarchy

[e]e] le]e]e]ele]ele]e)

) after w moves

D s SI e = (SOSISQ)
N / N\

Il — to - aﬁaw—r?wes <t07 t,t, - )

m Player Il wins the game SG ((S, X), (T,Y)) iff

either 7Tg(801$11...) c Xand7rT(to,t1,...) eyY
or ’/Ts(So,Sj_,...> §ZXand7rT(to,t1,...) ¢Y

Definition ( SG-reduction)

We write (S X) <g (T, Y) iff Player 1l has a winning
strategy in SG ((S X), (T,Y)).
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The Algebraic Counterpart of the Wagner Hierarchy

The FSG-hierarchy

[e]e] le]e]e]ele]ele]e)

) after w moves

D s SI e = (SOSISQ)
N / N\

Il — to - aﬁaw—r?wes <t07 t,t, - )

m Player Il wins the game SG ((S, X), (T,Y)) iff

either 7Tg(801$11...) c Xand7rT(to,t1,...) eyY
or ’/Ts(So,Sj_,...> §ZXand7rT(to,t1,...) ¢Y

Definition ( SG-reduction)

We write (S X) <g (T, Y) iff Player 1l has a winning
strategy in SG ((S X), (T, Y)). And as usual,
(S X) <s (T,Y) iff (S X) <s5 (T,Y) £s5 (S X);
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The FSG-hierarchy

[e]e] le]e]e]ele]ele]e)

) after w moves

D s SI e = (SOSISQ)
N / N\

Il — to - aﬁaw—r?wes <t07 t,t, - )

m Player Il wins the game SG ((S, X), (T,Y)) iff

either 7Tg(801$11...) c Xand7rT(to,t1,...) eyY
or ’/Ts(So,Sj_,...> §ZXand7rT(to,t1,...) ¢Y

Definition ( SG-reduction)

We write (S X) <g (T, Y) iff Player 1l has a winning
strategy in SG ((S X), (T, Y)). And as usual,

(SX) <ss (T.Y) iff (S X) < (T,Y) £ss (S X); also
(S X) =ss (T, Y) iff (S X) <5 (T,Y) < (S X).
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The FSG-hierarchy

[e]e]e] lole]elelele]e)

Definition ( FSG-hierarchy)

The collection of finite pointed w-semigroups ordered by
the <g-relation is called the FSG-hierarchy.
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Introduction w-Automata 'agner hierarchy W gro The FSG-hierarchy

[e]e]e]e] le]elelele]e)

The FSG-hierarchy is the algebraic counterpart of the
Wagner hierarchy.
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The FSG-hierarchy

[e]e]e]e] le]elelele]e)

The FSG-hierarchy is the algebraic counterpart of the
Wagner hierarchy.

Theorem

The FSG-hierarchy and the Wagner hierarchy are
isomorphic.
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The FSG-hierarchy

[e]e]e]e] le]elelele]e)

The FSG-hierarchy is the algebraic counterpart of the
Wagner hierarchy.

Theorem

The FSG-hierarchy and the Wagner hierarchy are
isomorphic.

Corollary

The FSG-hierarchy has a height of w*, and it is decidable.
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The FSG-hierarchy

[e]e]e]e]o] Jelelele]e)

We present a strictly algebraic decidability procedure of
the FSG-hierarchy.
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The FSG-hierarchy

[e]e]e]e]o]e] lelelele)

Consider the syntactic pointed w-semigroup of
K= ((a+b)*a)*:
m S= ({0,1}, {0~ 1¥}) defined by the relations

0.0=0 0-1=0 1-0=0 1-1=1
00°=0” 10°=0° 01“=1¢ 11¥=1¥

m X ={0"}.
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The FSG-hierarchy

[e]e]e]e]o]e]e] Jelele)

Example (continued)
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The FSG-hierarchy

[e]e]e]e]o]e]e] Jelele)

Example (continued)
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The FSG-hierarchy

[e]e]e]e]o]e]e] Jelele)

Example (continued)

mS= ({ 71}7{()”71“})
0-0=0 0-1=0
1.0-0 1.-1—
00~ =0¢ 10¢ =0~
01 =1« 11¥ = 1v 0
m X={0}
1
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The FSG-hierarchy

[e]e]e]e]o]e]e] Jelele)

Example (continued)

u S:({ 71}7{()”71“})
0-0=0 0-1=0
1.0=0 1-1=
00 =00 10¥ =0~
0w =1¢ 11 =1v 0
m X ={0"}. T
1
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The FSG-hierarchy

[e]e]e]e]o]e]e] Jelele)

Example (continued)
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The FSG-hierarchy

[e]e]e]e]o]e]e] Jelele)

Example (continued)
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The FSG-hierarchy

[e]e]e]e]o]e]e] Jelele)

Example (continued)
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The FSG-hierarchy

[e]e]e]e]o]e]e] Jelele)

Example (continued)
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The FSG-hierarchy

[e]e]e]e]o]e]e] Jelele)

Example (continued)

0.0=0 0-1=0

1.0=0 1-1=1

00~ = 0¥ 10° = O®

01 = 1¢ 11% = 1@
m X={0}

Therefore dss((S, X)) = dw(K) = w, and K is non-self-dual.
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Introduction w-Automata e Wagner hierarchy w-Semigroups The FSG-hierarchy

00000000800

Consider the syntactic pointed w-semigroup of
L = (a{b,c}* U {b})~:
m T = ({ab,cca}, {a” (ca)”,0}) is defined by

a’=a ab=a ac=a ba= a
b’=b bc=c cb=c =c
b= a“ c’=0 aa’= a” a(ca)“= a”

ba“=a” b(ca)’= (ca)” ca’= (ca)® c(ca)“= (ca)”

mY={a"}.
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The rarchy
00000000000

Example (continued)

m T =({abcca},{a” (ca)>” 0})
a _ab_ac_ba_a b?>=b bc=ch=c?>=c
b¥ =aa¥ =a(ca)¥ =ba” =a¥ ¢’ =0 b(ca)” =ca” =c(ca)¥ = (ca)¥
mY={a"}.
°
a
[ ]
b
[ ]
¢ °
ca
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The rarchy
00000000000

Example (continued)

BT = ({a b, c, ca}, {a“, (ca)*, })

a_ab_ac_ba_a b? bc=ch=c?>=c
b* = aa¥ = a(ca)¥ = ba® = a¥ c“‘ = O b(ca)” = ca¥ = c(ca)” = (ca)¥
mY={a"}.
a
b
[
ca
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The rarchy
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Example (continued)

m T =({abcca},{a” (ca)>” 0})
a _ab_ac_ba_a b?>=b bc=ch=c?>=c
b¥ =aa¥ =a(ca)¥ =ba” =a¥ ¢’ =0 b(ca)” =ca” =c(ca)¥ = (ca)¥
. Y: {aw} ca
b
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The rarchy
00000000000

Example (continued)

BT = ({a b, c, ca}, {a“, (ca)*, })

a_ab_ac_ba_a b? bc=ch=c?>=c
b* = aa¥ = a(ca)¥ = ba® = a¥ c“‘ = O b(ca)” = ca¥ = c(ca)” = (ca)¥
. Y - {aw} ca
b
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The rarchy
00000000000

Example (continued)

BT = ({abcca}{a” (ca)v,0})
b

a?=ab=ac=ha=a b: bc=cbh=c"=c
b = aa¥ = a(ca)¥ = ba” =a*¥ c¥ = b(ca)” = ca¥ = c(ca)” = (ca)¥
mY={a"}.

The Algebraic Counterpart of the Wagner Hierarchy
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Example (continued)

a@?=ab=ac=ba=a
b* = aa¥ = a(ca)¥ = ba® = a¥

m T =({abcca},{a” (ca)>” 0})
bib
mY={a"}.

bc=ch=c?>=c
b(ca)” = ca¥ = c(ca)” = (ca)¥

0

/
W
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00000000000

Example (continued)

BT = ({abcca}{a” (ca)v,0})
b

a?=ab=ac=ha=a b: bc=cbh=c"=c
b = aa¥ = a(ca)¥ = ba” =a*¥ c¥ = b(ca)” = ca¥ = c(ca)” = (ca)¥
mY={a"}.
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00000000000

Example (continued)

BT = ({a b, c, ca}, {a“, (ca)¥,0})
a_ab_ac_ba_a b:b bc=cbh=c"=c
b¥ =aa¥ =a(ca)¥ =ba” =a¥ ¢’ =0 b(ca)” =ca” =c(ca)¥ = (ca)¥
mY={a"}.
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00000000000

Example (continued)

a@?=ab=ac=ba=a b?
b* = aa¥ = a(ca)¥ = ba® = a¥

BT = ({abcca}{a” (ca)v,0})
b
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The rarchy
00000000000

Example (continued)

BT = ({abcca}{a” (ca)v,0})
b

a?=ab=ac=ha=a b: bc=cbh=c"=c
b = aa¥ = a(ca)¥ = ba” =a*¥ c¥ = b(ca)* = ca¥ = c(ca)” = (ca)¥
mY={a"}.
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00000000000

Example (continued)

BT = ({a b, c, ca}, {a“, (ca)¥,0})
a_ab_ac_ba_a b:b bc=cbh=c"=c
b¥ =aa¥ =a(ca)¥ =ba” =a¥ ¢’ =0 b(ca)” =ca” =c(ca)¥ = (ca)¥
mY={a"}.

2
Therefore dSG((T,Y)) = dW(L) =W,
and L is non-self-dual.
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0000000000 e

Therefore (S X) <g (T,Y), or equivalently K < L.

S,X) 1
(T,Y) 11

Player Il
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0000000000 e

Therefore (S X) <g (T,Y), or equivalently K < L.

S,X) 1 1
(T,Y) 11

Player Il
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The FSG-hierarchy

0000000000 e

Therefore (S X) <g (T,Y), or equivalently K < L.

SX) 1 1
(L,Y) 1I a
Player Il
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The FSG-hierarchy

0000000000 e

Therefore (S X) <g (T,Y), or equivalently K < L.

SX) 1 11
(L,Y) 1I a
Player Il
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The FSG-hierarchy

0000000000 e

Therefore (S X) <g (T,Y), or equivalently K < L.

SX) I 11
(LY) II  a ¢
Player Il
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0000000000 e

Therefore (S X) <g (T,Y), or equivalently K < L.

SX) I 11
(LY) II  a ¢
Player Il
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Therefore (S X) <g (T,Y), or equivalently K < L.

SX) I 11
(LY) II  a ¢
Player Il
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The FSG-hierarchy

0000000000 e

Therefore (S X) <g (T,Y), or equivalently K < L.

SX) I 111
Y II a ¢

Player Il
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0000000000 e

Therefore (S X) <g (T,Y), or equivalently K < L.

S&X) I 111
(L,Y) I a c ¢

Player Il
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0000000000 e

Therefore (S X) <g (T,Y), or equivalently K < L.

S&X) I 111
(L,Y) I a c ¢

Player Il
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0000000000 e

Therefore (S X) <g (T,Y), or equivalently K < L.

S&X) I 111
(L,Y) I a c ¢

Player Il
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The FSG-hierarchy
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