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INTRODUCTION

» The computational capabilities of recurrent neural networks
have mainly been studied in the context of classical computa-
tion: McCulloch & Pitts, Turing, Kleene, von Neumann, Min-
sky, Papert,..., Siegelmann & Sontag,. ..
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INTRODUCTION

» The computational capabilities of recurrent neural networks
have mainly been studied in the context of classical computa-
tion: McCulloch & Pitts, Turing, Kleene, von Neumann, Min-
sky, Papert,..., Siegelmann & Sontag,. ..

» We provide a characterization of the computational power of
recurrent neural networks in terms of their attractor dynamics,
i.e., in the context of infinite input stream computation.
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We consider eight models of RNNs:
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We consider eight models of RNNs:
1. Boolean rational RNNs:
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We consider eight models of RNNs:

1. Boolean rational RNNs:
2. Boolean real RNNs:
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RECURRENT NEURAL NETWORKS
We consider eight models of RNNs:

1. Boolean rational RNNs: B-RNN[Q]s
2. Boolean real RNNs: B-RNNJ[R]s
3. Sigmoidal static rational RNNs: St-RNN[Q]s
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We consider eight models of RNNs:
1. Boolean rational RNNs:
2. Boolean real RNNs:
3. Sigmoidal static rational RNNs:
4. Sigmoidal static real RNNs:
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RECURRENT NEURAL NETWORKS
We consider eight models of RNNs:

1. Boolean rational RNNs: B-RNN[Q]s
2. Boolean real RNNs: B-RNNJ[R]s
3. Sigmoidal static rational RNNs: St-RNN[Q]s
4. Sigmoidal static real RNNs: St-RNN[R]s
5. Sigmoidal bi-valued evolving rational RNNs: Evo-RNN[Q]s
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We consider eight models of RNNs:
Boolean rational RNNs:
Boolean real RNNs:
Sigmoidal static rational RNNs:
Sigmoidal static real RNNs:
Sigmoidal bi-valued evolving rational RNNs:

R

> o

Sigmoidal bi-valued evolving real RNNs:
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REsuULTS (CLASSICAL COMPUTATION)

| BOOLEAN STATIC BI-VALUED EVOLVING EvoLvING
FSA ™ TM/poly(A) TM/poly(A)
Q REG P P/poly P/poly
Kl 56, Mi 67 Si & So 95 Ca & Si 11,14 Ca & Si 11,14
FSA TM/poly(A) TM/poly(A) TM/poly(A)
R REG P/poly P/poly P/poly
Kl 56, Mi 67 Si & So 94 Ca & Si 11,14 Ca & Si 11,14
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MULLER TURING MACHINE

A Muller Turing machine consists of a classical TM with Muller
acceptance condition. Muller table 7 collection of sets of states.

input u ---
Clofiofolt]]t]ofs]vfofofaffi]---

777777 >
read only

Finite
Program

Muller table T
K state g;,,
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MULLER TURING MACHINE

A Muller Turing machine consists of a classical TM with Muller
acceptance condition. Muller table 7 collection of sets of states.

input w ---
(fofrfofofu]ififofififofofu]i]i]---

777777 >
read only

Finite
Program

Muller table T
K state q;p,

» The w-word u is accepted by M if inf(p,) € T.
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MULLER TURING MACHINE

A Muller Turing machine consists of a classical TM with Muller
acceptance condition. Muller table 7 collection of sets of states.

input w ---
(fofrfofofu]ififofififofofu]i]i]---

777777 >
read only

Finite
Program

Muller table T
K state q;p,

» The w-word u is rejected by M if inf(p,) & T.
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MULLER TURING MACHINE

A Muller Turing machine consists of a classical TM with Muller
acceptance condition. Muller table 7 collection of sets of states.

input w ---
(fof1fofofu]ififofififofofu]i]i]---

777777 >
read only

Finite
Program

Muller table T
K state q;p,

» Set of w-words accepted is the w-language recognized by M.
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TOPOLOGY

The Cantor space {0, 1}*
the set of infinite sequences of bits

equipped with product topology

0o—* of the discrete topology on {0,1}
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TOPOLOGY

» An w-language L C (BV)“ is analytic (X1) iff it is the first
projection of some TI9-set X C (BY)~ x {0, 1}~.

{013 (BY)* x {0,1}

L=m(X) (BN
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TOPOLOGY

» An w-language L C (BM)“ is analytic (X1) iff it is the first
projection of some Borel set X C (BY)¥ x E, where E is a
Polish space.

E (BN)u < E

Borel set X

L=m(X) (BN«

EXPRESSIVE POWER OF RECURRENT NEURAL NETWORKS JEREMIE CABESSA



INTRODUCTION RNNs MULLER TMs ToPOLOGY DET. w-RNNs
o 0000000  © oooe 000000000000

TOPOLOGY

EXPRESSIVE POWER OF RECURRENT NEURAL NETWORKS

NONDET. w-RNNs

JEREMIE CABESSA



INTRODUCTION RNNs MULLER TMs ToPOLOGY DET. w-RNNs NONDET. w-RNNs CONCLUSION
o 0000000  © oooe 000000000000 000000000000 o

TOPOLOGY

EXPRESSIVE POWER OF RECURRENT NEURAL NETWORKS JEREMIE CABESSA



INTRODUCTION RNNs MULLER TMs ToPOLOGY DET. w-RNNs NONDET. w-RNNs CONCLUSION
o 0000000  © oooe 000000000000 000000000000 o

TOPOLOGY

EXPRESSIVE POWER OF RECURRENT NEURAL NETWORKS JEREMIE CABESSA



INTRODUCTION RNNs MULLER TMs ToPOLOGY
o 0000000  © oooe

TOPOLOGY

DET. w-RNNs
000000000000
1
Hl

EXPRESSIVE POWER OF RECURRENT NEURAL NETWORKS

NONDET. w-RNNs CONCLUSION

000000000000

o

JEREMIE CABESSA



CONCLUSION

TMs ToPOLOGY DET. w-RNNs NONDET. w-RNNs
oooe

MULLER

[e]

RNNs

INTRODUCTION

000000000000

000000000000

0000000

TOPOLOGY

CABESSA

JEREMIE

EXPRESSIVE POWER OF RECURRENT NEURAL NETWORKS



INTRODUCTION RNNs MULLER TMs ['OPOLOGY DET. w-RNNs NONDET. w-RNNs CONCLUSION
o 0000000  © 0000 ©00000000000 000000000000 o

DETERMINISTIC w-RNNS

We consider RNNs with Boolean input and output cells, sigmoidal
internal cells, and working on infinite input streams.

O
Boolean O\> Sigmoid O Boolean
input : internal . output
cells o cells b cells
(O]
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DETERMINISTIC w-RNNS

We consider RNNs with Boolean input and output cells, sigmoidal
internal cells, and working on infinite input streams.

O
Boolean O\> Sigmoid O Boolean
input : internal . output
cells o cells L cells
(O]

Infinite Boolean

@0 000000800 0O@MO0O00OO0O0
inputstrc-dm OO0O@0@00O@0@0@0@000000C@®@0Oe e
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DETERMINISTIC w-RNNS

We consider RNNs with Boolean input and output cells, sigmoidal
internal cells, and working on infinite input streams.

O
Boolean O\> Sigmoid QO Boolean
input : internal . output
cells o cells L cells
O

Infinite Boolean
input stream

oce
oo
®0
oce
oo
LN J
o
®0
oce
oce
®0
oo
oo
o
®0
oo
®0
®0
o

Infinite Boolean
output stream

o]
ocoe
ee®O0
oo0o0

[ ]
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DETERMINISTIC w-RNNS

We consider RNNs with Boolean input and output cells, sigmoidal
internal cells, and working on infinite input streams.

O
Boolean O~ Sigmoid O Boolean
input : internal . output
cells o cells L cells
(O]
Infinite Boolean ©000000000000®0000O0
O0Oe0O0O@0Oe@e00OeO0O0OO0O@O0OeEEeOD

input stream

- ; eo0o0 0coeoceoce eeoce
Infinite Boolean 5 5 g ;g 0008008800800 0 -
output stream ceo Oe@o0o0,80 oeoo

— — ——
Attractor (periodic)

» The attractors are assumed to be classified into two possible
kinds: accepting or rejecting.
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DETERMINISTIC w-RNNS

We consider RNNs with Boolean input and output cells, sigmoidal
internal cells, and working on infinite input streams.

O
Boolean O~ Sigmoid O Boolean
input : internal . output
cells o cells L cells
(O]
Infinite Boolean ©000000000000®0000O0
O0Oe0O0O@0Oe@e00OeO0O0OO0O@O0OeEEeOD

input stream

- ; eo0o0 0coeoceoce eeoce
Infinite Boolean 5 5 g ;g 0008008800800 0 -
output stream ceo Oe@o0o0,80 oeoo

— — ——
Attractor (periodic)

» An infinite Boolean input stream is accepted by A if the cor-
responding Boolean output stream visits a accepting attractor.
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DETERMINISTIC w-RNNS

We consider RNNs with Boolean input and output cells, sigmoidal
internal cells, and working on infinite input streams.

O
Boolean O~ Sigmoid O Boolean
input : internal . output
cells o cells L cells
(O]
Infinite Boolean ©000000000000®0000O0
O0Oe0O0O@0Oe@e00OeO0O0OO0O@O0OeEEeOD

input stream

- ; eo0o0 0coeoceoce eeoce
Infinite Boolean 5 5 g ;g 0008008800800 0 -
output stream ceo Oe@o0o0,80 oeoo

— — ——
Attractor (periodic)

» An infinite Boolean input stream is rejected by N if the corre-
sponding Boolean output stream visits a rejecting attractor.
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DETERMINISTIC w-RNNS

We consider RNNs with Boolean input and output cells, sigmoidal
internal cells, and working on infinite input streams.

O
Boolean O~ Sigmoid O Boolean
input : internal . output
cells o cells L cells
(O]
Infinite Boolean ©000000000000®0000O0
O0Oe0O0O@0Oe@e00OeO0O0OO0O@O0OeEEeOD

input stream

- ; eo0o0 0coeoceoce eeoce
Infinite Boolean 5 5 g ;g 0008008800800 0 -
output stream ceo Oe@o0o0,80 oeoo

— — ——
Attractor (periodic)

» The set of all input streams that are accepted by A is the
w-language recognized by .
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DETERMINISTIC w-RNNS

We consider six models of deterministic RNNs:
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DETERMINISTIC w-RNNS
We consider six models of deterministic RNNs:

1. static rational RNNs:
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DETERMINISTIC w-RNNS
We consider six models of deterministic RNNs:

1. static rational RNNs:
2. static real RNNs:
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DETERMINISTIC w-RNNS
We consider six models of deterministic RNNs:

1. static rational RNNs:
2. static real RNNs:
3. bi-valued evolving rational RNNs:

ai(t) aia(t)

“eain(t)

neuron
X4
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DETERMINISTIC w-RNNS

We consider six models of deterministic RNNs:
1. static rational RNNs:
2. static real RNNs:
3. bi-valued evolving rational RNNs:
4. bi-valued evolving real RNNs:

air(t) aia(t)
“oain(t)

neuron
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DETERMINISTIC w-RNNS

We consider six models of deterministic RNNs:

1. static rational RNNss: D-St-RNN[Q]s

2. static real RNNs: D-St-RNN[R]s

3. bi-valued evolving rational RNNs: D-Ev,o-RNN[Q]s

4. bi-valued evolving real RNNs: D-Evo-RNN[R]s

5. general evolving rational RNNs: D-Ev-RNN[Q]s
a1 (t) 4oy (1)

neuron eoain(t)
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DETERMINISTIC w-RNNS

We consider six models of deterministic RNNs:

1. static rational RNNss: D-St-RNN[Q]s

2. static real RNNs: D-St-RNN[R]s

3. bi-valued evolving rational RNNs: D-Ev,o-RNN[Q]s

4. bi-valued evolving real RNNs: D-Evo-RNN[R]s

5. general evolving rational RNNs: D-Ev-RNN[Q]s

6. general evolving real N-RNNs: D-Ev-RNN[R]s
a1 (t) 4oy (1)

neuron eoain(t)
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RESuULTS

Relationship between the models:

D-Ev-RNN[R]s

P

D-Ev-RNN[QJs

D-Evy-RNN[R]s

_——

D-Ev,-RNN[QJs

D-St-RNN[R]s

-

D-St-RNN[Q)s
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RESuULTS

Relationship between the models:

D-Ev-RNN[RJs |

P

D-Ev-RNN[QJs

D-Evy-RNN[R]s \_ = BC(II9)-sets
r 7~ Super-Turing

D-Ev,-RNN[QJs

D-St-RNN[R]s

i : = BC(I19)-sets
D-St-RNN[Q]s } Turing (Muller)
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INTRODUCTION MuLLER TMs CONCLUSION

RESuULTS

THEOREM

Let L C (BM)«. The following conditions are equivalent.
» L € BC(I19)
» L is recognizable by some deterministic Muller TM
» L is recognizable by some D-S5t-RNN[Q]
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RESuULTS

height w;
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RESuULTS

THEOREM

Let L C (BM)“. The following conditions are equivalent.
» L € BC(I1Y);
» L is recognizable by some D-St-RNN[R];
» L is recognizable by some D-Evo-RNN[Q];
» L is recognizable by some D-Ev-RNN[Q];
L is recognizable by some D-Evs-RNN[R];
L is recognizable by some D-Ev-RNN[R].

v

v
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RESuULTS

height w;

EXPRESSIVE POWER OF RECURRENT NEURAL NETWORKS JEREMIE CABESSA



INTRODUCTION RNNs MULLER TMs I'oPOLOGY DET. w-RNNs NONDET. w-RNNs CONCLUSION
o 0000000  © 0000 0000000@0000 000000000000 o

RESULTS — SUMMARY

DET. STATIC B1-vALUED EVOLVING ~ GENERAL EVOLVING
D-St-RNN[Q]s D-Eva-RNN[Q]s D-Ev-RNN[Q]s
Q = BC(119) = BC(I19) = BC(I19)
Turing (Muller) super-Turing super-Turing
D-St-RNN[R]s D-Eva-RNN[R]s D-Ev-RNN[R]s
R = BC(I13) = BC(I19) = BC(I13)
super-Turing super-Turing super-Turing
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DETERMINISTIC w-RNNS

We consider two other models of deterministic RNNs:
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DETERMINISTIC w-RNNS
We consider two other models of deterministic RNNs:

1. static real RNNs with only one real weight:
D-St-RNN[Q, "a]s, where "' € R encoding of o € {0,1}¥

ai1"ap ' eR

oa;
neuron iN
\
bint \

c;

bil
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000000008000

INTRODUCTION MuLLER TMs CONCLUSION

DETERMINISTIC w-RNNS
We consider two other models of deterministic RNNs:
1. static real RNNs with only one real weight:
D-St-RNN[Q, "a]s, where "' € R encoding of o € {0,1}¥
2. bi-valued evolving rational RNNs with only one evolving weight:
D-Eva-RNN[Q, s, where a € {0,1}¥

a1 ajp(t) € {0,1}¢

oa;
neuron iN
T4
b,
i —

bine

Ci
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TOPOLOGY

{0,1}¢ (BY)~ x {0,1}

topological class T’

(BY)«
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TOPOLOGY

{0,1}¢ (BY)~ x {0,1}

topological class T’

N
I

(BY)«
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TOPOLOGY

{0,1}¢ (BY)~ x {0,1}

topological class T’

(03

(BY)«
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TOPOLOGY

{0,1}¢ (BY)~ x {0,1}

topological class T’

(03
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TOPOLOGY

{0,1}¢ (BY)~ x {0,1}

topological class T’

(03

(BY)«

EXPRESSIVE POWER OF RECURRENT NEURAL NETWORKS JEREMIE CABESSA



INTRODUCTION RNNs MULLER TMs ['OPOLOGY DET. w-RNNs NONDET. w-RNNs CONCLUSION
o 0000000  © 0000 000000000800 000000000000 o

TOPOLOGY

{0,1}¢ (BY)~ x {0,1}

topological class T’

(03

. N\w
relativized class T'(«) (B7)
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RESuULTS

THEOREM

BC(my)
Let L C (BM)“. The following
conditions are equivalent.
» L € BO(IY) (), for some
ae€{0,1}¥
» L is recognizable by some BOm)

D-St-RNN[Q,"a]
» L is recognizable by some
D-Evs-RNN[Q, o]
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RESuULTS

THEOREM

BCO(3)
Let L C (BM)“. The following
conditions are equivalent.
» L € BO(IY) (), for some e

ae€{0,1}¥

» L is recognizable by some
D-St-RNN[Q,"a]

» L is recognizable by some
D-Evs-RNN[Q, o]
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PROPOSITION

There exist some infinite sequence
(k) k<w,, where each a; € {0,1}¥,
such that

BO(I)(as) & BO(I)(y)

forall i < j < wi.
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PROPOSITION
BC(TIY)

There exist some infinite sequence
(k) k<w,, where each a; € {0,1}¥,
such that

BC(TE) ()

BO(I)(as) & BO(I)(y)

forall i < j < wi.

EXPRESSIVE POWER OF RECURRENT NEURAL NETWORKS JEREMIE CABESSA



INTRODUCTION RNNs MULLER TMs [OPOLOGY DET. w-RNNs NOND w-RNNs CONCLUSION
o 0000000  © 0000 00000000000e 000000000000 o

PROPOSITION
BC(TIY)

There exist some infinite sequence
(k) k<w,, where each a; € {0,1}¥,
such that

BO(13)(01)

BC(TE) ()

BO(I)(as) & BO(I)(y)

forall i < j < wi.
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PROPOSITION

There exist some infinite sequence
(k) k<w,, where each a; € {0,1}¥,
such that

BO(I)(as) & BO(I)(y)

forall i < j < wi.
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NONDETERMINISTIC w-RNNs (TYPE I)

The RNNs are provided with an additional Boolean guess cell.

Guess cell
O
Boolean O\> Sigmoid QO Boolean
input : internal . output
cells cells t cells
(0]
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NONDETERMINISTIC w-RNNs (TYPE I)

The RNNs are provided with an additional Boolean guess cell.

Guess cell
O
Boolean O~ Sigmoid QO Boolean
input : internal . output
cells O cells © cells
Guess stream ©0 0000000000000 0000 -
Infinite Boolean 0000000000000 00000
input stream 0O0000@0e00000080 e 8O0

CONCLUSION
o
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NONDETERMINISTIC w-RNNs (TYPE I)

The RNNs are provided with an additional

Guess cell
Boolean O—> Sigmoid
input internal
cells oO— cells
Guess stream 000000000000
Infinite Boolean ©@00000@000 8000
input stream 0O0e00O@0e00eO0O0
; oeoo 0co0eo0eo0e
Infinite Boolean Coeoceoco0o0e0oee
output stream o0 eo 0O®@0O0,000
—

Boolean guess cell.

0]

QO Boolean
output
cells

O

®®e®00O0 .-

@e¢o0o0o0o00
(o] ceeoO0

eoe
cee .-
®eo0o0
—

@O0 e
cee
° o

Attractor (periodic)
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NONDETERMINISTIC w-RNNs (TYPE I)

The RNNs are provided with an additional Boolean guess cell.

Guess cell
O
Boolean O\> Sigmoid QO Boolean
input : internal . output
cells O cells © cells
(0]

Guess stream 90 00000000000 eeeo00O0 ---

Infinite Boolean ©000000000000000000 __,
input stream 0O0000@0e00000080 e 8O0

; oceo0o0O0e@O0O0 @ eeo0 e
Infinite Boolean coeoceocooe €000 ® -
output stream o0 eo o o O e®o0oO0

—
Attractor (periodic)

CONCLUSION
o

» The attractors are assumed to be classified into two possible

kinds: accepting or rejecting.
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NONDETERMINISTIC w-RNNs (TYPE I)

The RNNs are provided with an additional Boolean guess cell.

Guess cell
O
Boolean O\> Sigmoid QO Boolean
input : internal . output
cells O cells t cells
0}

Guess stream

ocoo -
Infinite Boolean 000
input stream e eo0
; eo e
Infinite Boolean cee
output stream @00

—f — —
Attractor (periodic)

CONCLUSION
o

> Input stream s € (BM)*¥ accepted by N iff there exists some

guess g € B¥ s.t. N(s, g) enters an accepting attractor.
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NONDETERMINISTIC w-RNNs (TYPE I)

The RNNs are provided with an additional Boolean guess cell.

Guess cell
O
Boolean O\> Sigmoid QO Boolean
input : internal . output
cells O cells t cells
(0]

Guess stream

ocoo -
Infinite Boolean 000
input stream e o0
; eo e
Infinite Boolean cee
output stream @00

—f — —
Attractor (periodic)

CONCLUSION
o

> Input stream s € (BM)“ rejected by N iff for all guess g € B,

N (s, g) enters an accepting attractor.
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NONDETERMINISTIC w-RNNs (TYPE I)

We consider six models of nondeterministic RNNs (of type I):
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NONDETERMINISTIC w-RNNs (TYPE I)
We consider six models of nondeterministic RNNs (of type I):
1. static rational RNNs: N-St-RNN[Q]s
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NONDETERMINISTIC w-RNNs (TYPE I)
We consider six models of nondeterministic RNNs (of type I):

1. static rational RNNs: N-St-RNN[Q]s
2. static real RNNs: N-St-RNN[R]s
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NONDETERMINISTIC w-RNNs (TYPE I)

We consider six models of nondeterministic RNNs (of type I):

1. static rational RNNss: N-St-RNN[Q]s

2. static real RNNs: N-St-RNN[R]s

3. bi-valued evolving rational RNNs: N-Evo-RNN[Q]s
al(f)

y /
=
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NONDETERMINISTIC w-RNNs (TYPE I)

We consider six models of nondeterministic RNNs (of type I):

1. static rational RNNss: N-St-RNN[Q]s

2. static real RNNs: N-St-RNN[R]s

3. bi-valued evolving rational RNNs: N-Evo-RNN[Q]s

4. bi-valued evolving real RNNs: N-Evo-RNN[R]s
ai(t) GQ(t)

neuron ]

ol
/

bu
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NONDETERMINISTIC w-RNNs (TYPE I)

We consider six models of nondeterministic RNNs (of type I):

1. static rational RNNss: N-St-RNN[Q]s

2. static real RNNs: N-St-RNN[R]s

3. bi-valued evolving rational RNNs: N-Evo-RNN[Q]s

4. bi-valued evolving real RNNs: N-Evo-RNN[R]s

5. general evolving rational RNNs: N-Ev-RNN[Q]s
ain(t) GQ(t)

neuron ]

ol
/

bu
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NONDETERMINISTIC w-RNNs (TYPE I)

We consider six models of nondeterministic RNNs (of type I):

1. static rational RNNss: N-St-RNN[Q]s

2. static real RNNs: N-St-RNN[R]s

3. bi-valued evolving rational RNNs: N-Evo-RNN[Q]s

4. bi-valued evolving real RNNs: N-Evo-RNN[R]s

5. general evolving rational RNNs: N-Ev-RNN[Q]s

6. general evolving real N-RNNs: N-Ev-RNN[R]s
ain(t) GQ(t)

neul‘on ] / )
b : @
binr( /
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RESuULTS

Relationship between the models:

N-Ev-RNN[R]s

-

N-Ev-RNN[QJ¢

N-Evy-RNN[R]s

_—— 1

N-Ev,-RNN[Q]s

N-St-RNN[R]s

N-St-RNN[QJs
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RESuULTS

Relationship between the models:

N-Ev-RNN[RJs |

-

N-Ev-RNN[QJ¢

N-Evo-RNN[R]s \_ = Zi-sets
Ve

/ r Super-Turing

N-Ev,-RNN[Q]s

N-St-RNN[R]s

/ -~

P = Mi-sets
N-St-RNN[Q]s } Turing (Muller)
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RESuULTS

THEOREM

Let L C (BM)«. The following conditions are equivalent.
» LeX]
» L is recognizable by some nondeterministic Muller TM
» L is recognizable by some N-St-RNN[Q]
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RESuULTS

THEOREM

Let L C (BM)“. The following conditions are equivalent.
» Lexi;
» L is recognizable by some N-St-RNN[R];
» L is recognizable by some N-Evo-RNN[Q];
» L is recognizable by some N-Ev-RNN[Q];
» L is recognizable by some N-Evo-RNN[R];
L is recognizable by some N-Ev-RNN[R].

v
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RESULTS — SUMMARY

NONDET. w-RNNs CONCLUSION
0000000e0000 o

NONDET. STATIC BI-VALUED EVOLVING ~ GENERAL EVOLVING
N-St-RNN[Q]s N-Ev2-RNN[Q]s N-Ev-RNN[Q]s
Q =3l =x1 =x1
Turing (Muller) super-Turing super-Turing
N-St-RNN[R]s N-Eva-RNN[R]s N-Ev-RNN[R]s
R == =t ==
super-Turing super-Turing super-Turing
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NONDETERMINISTIC w-RNNs (TYPE I)

We consider two other models of nondeterministic RNNs (type I):
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NONDETERMINISTIC w-RNNs (TYPE I)
We consider two other models of nondeterministic RNNs (type I):

1. static real RNNs with only one real weight:
N-St-RNN[Q, "« ]s, where "o € R encoding of a € {0,1}*
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NONDETERMINISTIC w-RNNs (TYPE I)
We consider two other models of nondeterministic RNNs (type I):
1. static real RNNs with only one real weight:
N-St-RNN[Q, "a]s, where "o € R encoding of o € {0, 1}*
2. bi-valued evolving rational RNNs with only one evolving weight:
N-Eva-RNN[Q, s, where o € {0, 1}¥

a1 ajp(t) € {0,1}¢
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RESuULTS

Let L C (BM)“. The following
conditions are equivalent.

» L € Xl(a), for some
ae€{0,1}¥

» L is recognizable by some
N-St-RNN[Q,™a]

» L is recognizable by some
N-Evo-RNN[Q, o]
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RESULTS
THEOREM
=1
Let L C (BM)“. The following
conditions are equivalent.
» L € ¥i(a), for some -

ae€{0,1}¥

» L is recognizable by some
N-St-RNN[Q,™a]

» L is recognizable by some
N-Evo-RNN[Q, o]
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RESuULTS

PROPOSITION
=1

There exist some infinite sequence
(k) k<w,, where each a; € {0,1}¥,
such that

i) € Ti(ey)

forall i < j < wi.
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PROPOSITION

There exist some infinite sequence
(k) k<w,, where each a; € {0,1}¥,
such that

i) € Ti(ey)

forall i < j < wi.
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NONDETERMINISTIC w-RNNs (TypE II)

The RNNs are provided with an additional evolution set.

O
Boolean O\> Sigmoid QO Boolean
input : internal . output
cells O cells o cells
(0]

(5,8 - — ...

. —~____——
Evolution / \1/\/</—\/\
—S\ime 1 /\/\/\/\
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NONDETERMINISTIC w-RNNs (TypE II)

The RNNs are provided with an additional evolution set.

0]

Boolean O‘ Sigmoid QO Boolean
input : internal . output
cells o— cells : cells

O

5. 81K n —~—~ 7
s~
\,,/—\_/'\

/mﬁz///\/\/\/\

Evolution
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NONDETERMINISTIC w-RNNs (TypE II)
The RNNs are provided with an additional evolution set.

0]

Boolean O‘ Sigmoid QO Boolean
input : internal . output
cells o— cells : cells

O

[S, 8% \_/W e
Evolution —— )\
time W\/\/\

Infinite Boolean
input stream
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NONDETERMINISTIC w-RNNs (TypE II)

The RNNs are provided with an additional evolution set.

0]

Boolean O‘ Sigmoid QO Boolean
input : internal . output
cells o— cells : cells

O

Evolution

Infinite Boolean

e o o
input stream oo o

B oe °
Infinite Boolean o0 °
output stream oo o
—

—
Attractor (periodic)

EXPRESSIVE POWER OF RECURRENT NEURAL NETWORKS JEREMIE CABESSA



INTRODUCTION RNNs MULLER TMs ['OPOLOGY DET. w-RNNs NONDET. w-RNNs CONCLUSION
o 0000000  © 0000 000000000000 00000000000 o

NONDETERMINISTIC w-RNNs (TypE II)

The RNNs are provided with an additional evolution set.

0]

Boolean O‘ Sigmoid QO Boolean
input : internal . output
cells o— cells : cells

O

5. 81K n —~—~ 7
s~
\,,/—\_/'\

Evolution & ~
timct,//\_/\/\_/—\
Infinite Boolean ©000©00e00ee000®0000O0
input stream 0O0@00@@00000@000000eOo
: . oeoo 0coececeeoceece
Infinite Boolean 0O0@0@00000,00000000 0 -
output stream coeo ©000@00®00 @00

et
Attractor (periodic)

» The attractors are assumed to be classified into two possible
kinds: accepting or rejecting.
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NONDETERMINISTIC w-RNNs (TypE II)

The RNNs are provided with an additional evolution set.

Boolean O—> Sigmoid QO Boolean
input : internal . output
cells o— cells o cells

O
5.5 —~ — — ..
\/ — \

Evolution Vs —— )

Suime

Infinite Boolean ©@0000000000000®00000
input stream 0000000000000 0000eO0

. 0C@e000@00000600000008
Infinite Boolean 0000000000000 00000e -

output stream 0O0O@®@0000@00,000®00 ®O0O0

— — ——
Attractor (periodic)

» Input stream s € (BM™)“ accepted by N iff there exists some
evolution e € F s.t. N(s,e) enters an accepting attractor.
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NONDETERMINISTIC w-RNNs (TypE II)

The RNNs are provided with an additional evolution set.

Boolean O—> Sigmoid QO Boolean
input : internal . output
cells o— cells o cells

O
5.5 —~ — — ..
\/ — \

Evolution Vs —— )

Suime

Infinite Boolean ©@0000000000000®00000
input stream 0000000000000 0000eO0

. oceoo 0coececeeceece
Infinite Boolean 0000000000000 00000e -

output stream 0O0O@®@0000@00,000®00 ®O0O0

— — ——
Attractor (periodic)

» Input stream s € (BM)“ rejected by N iff for all evolutions
e € E, N(s,e) enters an rejecting attractor.
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NONDETERMINISTIC w-RNNs (TypE II)

The RNNs are provided with an additional evolution set.

Boolean O—s Sigmoid QO Boolean
input : internal . output
cells o cells o cells

O
I8, -~ ..
Evolution —— )\
W%\/\/\/\
Infinite Boolean ©0000000000000®00000
input stream 0O0@000@0e00@@00000 e 8O0
: . oeoo 0coececeeoceece
Infinite Boolean 0000000000000 00000 e -
output stream coeo ©®00000@®00®O0O0

et bt
Attractor (periodic)

» We have more results in this context also. ..
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CONCLUSION

» We provided a characterization of the expressive power of re-
current neural networks in terms of their attractor dynamics.
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CONCLUSION

» We provided a characterization of the expressive power of re-
current neural networks in terms of their attractor dynamics.

» The super-Turing computational capabilities of neural models
is related to the issue of hypercomputation.
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CONCLUSION

» We provided a characterization of the expressive power of re-
current neural networks in terms of their attractor dynamics.

» The super-Turing computational capabilities of neural models
is related to the issue of hypercomputation.

» Current physical theories are consistent with the possibility of
hypercomputational systems (quantum, relativistic, etc.). No
such systems are currently feasible or harnessable.
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