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Metric spaces
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A metric space is a set of points and a distance
which measures of the degree of closeness of pairs
of points in this space.

Jérémie Cabessa (ISI) Introduction to Topology 11th July 2007 4 /68



Definition
A metric space is a pair (X, d), where X is a set
and d is a distance on X, i.e.
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A metric space is a pair (X, d), where X is a set
and d is a distance on X, i.e. d is a function
d: X x X — R such that for all x,y,z € X,

e d(x,y) >0,
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A metric space is a pair (X, d), where X is a set
and d is a distance on X, i.e. d is a function
d: X x X — R such that for all x,y,z € X,

o d(x,y) >0,
@ d(x,y)=0if and only if x =y,
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A metric space is a pair (X, d), where X is a set
and d is a distance on X, i.e. d is a function
d: X x X — R such that for all x,y,z € X,
o d(x,y) >0,

@ d(x,y)=0if and only if x =y,

© d(x,y) =d(y,x),
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Definition

A metric space is a pair (X, d), where X is a set
and d is a distance on X, i.e. d is a function
d: X x X — R such that for all x,y,z € X,

o d(x,y) >0,
o d(x y)=0if and only if x =y,
d(x,y) = d(y,x),
d(x,z) < d(x,y) +d(y, 2).

X, Z
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Example
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Example

o (R, d) is a metric space, where d is defined by
d(a,b) = |b— a.
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Example

o (R, d) is a metric space, where d is defined by
d(a,b) = |b— a.
@ (R", d,) is a metric space where d, is defined
by d(x, y) \/Z, (X —
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Example
For n = 2, this distance is the classical distance
used in analytical geometry:

y= (ylyyZ)
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Example

Let A be an alphabet. Then (A, d) is a metric
space, with d is defined by d(«, 3) = 27", where
r =min{n: a(n) # B(n)}.
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A function f from a metric space X to another
metric space Y is continuous at the point a if for
any (small) “neighborhood” of f(a), denoted by

V, there is a “neighborhood” of a, denoted by U,
such that if f(U) C V.

X Y
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The following function is not continuous at the
point a.

By choosing such a V/, there is no U such that
f(U)cV.
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Definition
Let (X, d) and (X', d’) be two metric spaces, and
let a € X.
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Definition

Let (X, d) and (X', d’) be two metric spaces, and
let a € X. A function f : X — Y is continuous
at the point a iff for all ¢ > 0, there exists 6 > 0
such that for all x € X, if d(x, a) < J then
d'(f(x),f(a)) < e.
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Definition

Let (X, d) and (X', d’) be two metric spaces, and
let a € X. A function f : X — Y is continuous
at the point a iff for all ¢ > 0, there exists 6 > 0
such that for all x € X, if d(x, a) < J then
d'(f(x),f(a)) < e.

A function f : X — Y is continuous iff it is
continuous at each point of X.
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A function f : X — Y is continuous at the point

a iff
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A function f : X — Y is continuous at the point
a iff
Ve 30 Vx(P = Q).
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A function f : X — Y is continuous at the point
a iff
Ve 30 Vx(P = Q).

A function f : X — Y is not continuous at the point a
iff
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A function f : X — Y is continuous at the point
a iff
Ve 36 Vx(P = Q).

A function f : X — Y is not continuous at the point a
iff

de Vo E|X(P VAN ﬁQ)
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Example
@ Let f:(X,d) — (X’,d’) be a constant
function, then f is continuous. Take any ¢, say

0 =1
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Example

@ Let f:(X,d) — (X’,d’) be a constant
function, then f is continuous. Take any ¢, say
6 =1

@ The identity function id : (X,d) — (X, d) is

continuous. Take § = &.
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|
Definition
Let (X, d) be a metric space, and let a € X and ¢
be given. The open sphere about a of radius d is
the set

S(a;0) ={x e X :d(a,x) < d}.

S(a;0)

v
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One has by definition
x € 5(a;6) iff d(a, x) < 0.
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Therefore the definition of the continuity
becomes...
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Therefore the definition of the continuity
becomes...

Theorem

Let (X, d) and (X', d") be two metric spaces, and
let a € X. A function f : X — Y is continuous

at the point a iff for all ¢ > 0 there exists 6 > 0
such that

f(S(a;9)) C S(f(a); e).
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And the property f(A) C B iff AC f}(B)

implies...
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And the property f(A) C B iff AC f}(B)

implies...

Theorem
Let (X, d) and (X', d") be two metric spaces, and
let a € X. A function f : X — Y s continuous

at the point a iff for all ¢ > 0 there exists > 0
such that

S(a;6) C FY(S(f(a); €)).
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-
Definition
Let (X, d) and let a € X. A subset N of X is
called a neighborhood of a if there exists a 0 > 0

such that
S(a;0) C N.
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Theorem

Let (X, d) and (X', d") be two metric spaces, and
let a € X. A function f : X — Y is continuous
at the point a iff for every neighborhood N of

f(a) there exists a corresponding neighborhood M
of a such that

f(M) C N,

v
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Theorem
Let (X, d) and (X', d") be two metric spaces, and
let a € X. A function f : X — Y is continuous
at the point a iff for every neighborhood N of
f(a) there exists a corresponding neighborhood M
of a such that

f(M) C N,

or equivalently

M c f1(N).
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Proof.
On the blackboard... DJ
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Definition
A subset O of a metric space is said to be open if
it is a neighborhood of each of its point.

o __
~

/—/ /_\v \\
/ O \
! Y /
\ oo ~
> \
/- P
vOox ) 3/
\ s,
\\'_/\ ;-
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Example
@ Every “open interval” ]a, b[ is an open set of R
(equipped with the usual metric).

Ja,b[={x € R:a < x < b},

v
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Example
@ Every “open interval” ]a, b[ is an open set of R
(equipped with the usual metric).

Ja,b[={x € R:a < x < b},

@ Every cross product of “open intervals’ |a;, b;
is an open set of R” (equipped with the usual
metric).

M:_]ai, bil.

Introduction to Topology 11th July 2007 22 /68



Lemma
Every open sphere is open.
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EE——————————
Proof.
Let S(a; &) be an open sphere.
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EE——————————
Proof.
Let S(a; &) be an open sphere. We need to prove
that S(a; d) is a neighborhood of each of its point.
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EE——————————
Proof.
Let S(a; &) be an open sphere. We need to prove
that S(a; d) is a neighborhood of each of its point.
Let b € S(a;6) and let € < § — d(a, b).
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I
Proof.
Let S(a; &) be an open sphere. We need to prove

that S(a; d) is a neighborhood of each of its point.
Let b € S5(a;6) and let ¢ < § — d(a, b). Then
S(b;e) C S(a; 9), which concludes the proof.
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Theorem

Let (X, d) and (X', d") be two metric spaces and
let f: (X,d) — (X', d'). Then f is continuous
if and only if the inverse image of every open set
of X' is an open set of X.

Proof.
On the blackboard. ]

Introduction to Topology 11th July 2007 25 / 68



Topological spaces
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Definition
A topological space is a pair (X, J), where X is a
non-empty set and J is a collection of subsets of

X such that
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Definition
A topological space is a pair (X, J), where X is a
non-empty set and J is a collection of subsets of

X such that
o X,0 e J,
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Definition
A topological space is a pair (X, J), where X is a
non-empty set and J is a collection of subsets of

X such that
o X,0 e J,

@ If 0,...,0,€ J, then
ooNnoO,N...Nn0O, € J,
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Definition

A topological space is a pair (X, J), where X is a
non-empty set and J is a collection of subsets of
X such that

o X,0eJ,

@ If 0,...,0,€ J, then
ooNnoO,N...Nn0O, € J,

o If O, € J foreacha €/, then |, 0, € J.
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Elements of the collection J are called the open
sets of X.
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Elements of the collection J are called the open
sets of X.

A subset is said to be closed if it is the
complement of an open set.
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Example
Let (X, J) be a topological space.
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Example
Let (X, J) be a topological space.

o () is closed, since ()¢ = X is open.
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Example
Let (X, J) be a topological space.

o () is closed, since ()¢ = X is open.

o X is closed, since X¢ = () is open.
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Example
Let (X, J) be a topological space.

o () is closed, since ()¢ = X is open.
o X is closed, since X¢ = () is open.

o Therefore () and X are clopen sets.
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From metric spaces to topological spaces...
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From metric spaces to topological spaces...

Let (X, d) be a metric space and let J be the
collection of open sets of X, Then (X, J) is a

topological space.
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Example
@ The real line is the topological space arising
from the metric space (R, d), where

d(a,b) = |b— a.
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Example

@ The real line is the topological space arising
from the metric space (R, d), where
d(a,b) = |b— a.

@ The Euclidian n-space with the usual topology

is the topological space arising from the metric
space (R", d).
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Example
@ Let X be a non-empty arbitrary set. Let
J =1{0,X}. Then (X, J) is a topological

space.
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Example

@ Let X be a non-empty arbitrary set. Let
J ={0,X}. Then (X, J) is a topological
space.

@ Let X be a non-empty arbitrary set. Then
(X,P(X)) is a topological space. This
topology on X is the one which contains the
largest number of elements. It is called the

discrete topology.
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Example

Let X ={a, b}. Let 71 = {0, X},
{0.{a}, X}, J5 = {0,{b}, X},
{0,{a}, {b}, X}. Then (X, J;), for

1,2,3,4, are four distinct topological spaces.

| | -l> l\)
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Example

Let N be the set of positive integers. For each
neN,let O,={n,n+1,n+2 ...}, and let
J =10,0p, 01, 0,,...}. Then (N, 7)is a

topological space.
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Definition

Let (X, J) and (X', J’) be two topological
spaces and let f : X — Y. Then f is said to be
continuous if and only if the preimage of any open

set is an open set.
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Definition
The closure A of a subset A is the smallest closed
set containing A.
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Lemma

A is closed if and only if A = A.

Proof.
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Lemma

A is closed if and only if A = A.

Proof.
(=) Suppose that A is closed. Then the
smallest closed set containing A is A

itself, i.e A= A
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Lemma

A is closed if and only if A = A.

Proof.
(=) Suppose that A is closed. Then the
smallest closed set containing A is A

itself, i.e A= A

(<=) Suppose A = A. Since A is closed by
definition, then A is also closed.

)
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Definition
The interior int(A) of a subset A is the largest
open set contained in A.
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Compactness
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A compact set is a closed and bounded set.

Compact set
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A compact set is a closed and bounded set.
Bounded in the sense that it can be covered with
a finite number of open sets.

Compact set
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|
Definition
Let X be a set and let (A;);cq be a family of sets.
The collection (A,-),-ea is called a covering of X if
X C U,

IGO(
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-
Definition
Let X be a set and let (A;);cq be a family of sets.

The collection (A,-),-ea is called a covering of X if

XU

IGCY

Given 3 C a, if the the subfamily (A))ies still
covers X, then (A))ics is called a subcovering of

(Ai)ica-

v
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Definition
Let X be a set and let (A;);cq be a family of sets.
The collection (A,-),-ea is called a covering of X if

XU

IGCY

Given 3 C a, if the the subfamily (A))ies still
covers X, then (A))ics is called a subcovering of

(Ai)ica-

If A; is open for each i € «, then (A;)jcq is called
an open covering of X,

v

Introduction to Topology 11th July 2007 41 / 68




Example
For each integer n, let A, = [n, n+ 1]. Then
(An)nez is an infinite covering of R.
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Definition
A topological space (X, J) is called compact iff
from each open covering of X, one may extract a

finite subcovering.
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Definition
A topological space (X, J) is called compact iff
from each open covering of X, one may extract a

finite subcovering.

Definition
A subset A of (X, J) is called compact iff from

each open covering of A, one may extract a finite

subcovering.
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Lemma
The closed interval [0, 1] is compact. J
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Towards a contradiction, suppose that [0, 1] is not
compact.
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Towards a contradiction, suppose that [0, 1] is not
compact. Then there exists an open covering

(O )aer of [0,1] from which one cannot extract a
finite subcovering of [0, 1].
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Therefore, we can build the following infinite
sequence of intervals [a,, b,], for any n > 0:

Jérémie Cabessa (ISI) Introduction to Topology 11th July 2007 46 / 68



Therefore, we can build the following infinite
sequence of intervals [a,, b,], for any n > 0:

Jérémie Cabessa (ISI) Introduction to Topology 11th July 2007 47 / 68



Therefore, we can build the following infinite
sequence of intervals [a,, b,], for any n > 0:

Jérémie Cabessa (ISI) Introduction to Topology 11th July 2007 48 / 68
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Therefore, we can build the following infinite
sequence of intervals [a,, b,], for any n > 0:

0 al 1=b1
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Therefore, we can build the following infinite
sequence of intervals [a,, b,], for any n > 0:

0 al 1=b1
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Therefore, we can build the following infinite
sequence of intervals [a,, b,], for any n > 0:

0 al 1=b1
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Therefore, we can build the following infinite
sequence of intervals [a,, b,], for any n > 0:

0 al=a2 b2 1=b1
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Therefore, we can build the following infinite
sequence of intervals [a,, b,], for any n > 0:

0 al=a2 b2 1=b1

—
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Therefore, we can build the following infinite
sequence of intervals [a,, b,], for any n > 0:

0 al=a2 b2 1=b1
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Therefore, we can build the following infinite
sequence of intervals [a,, b,], for any n > 0:

0 al=a2 a3 b2=b3 1=b1
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Therefore, we can build the following infinite
sequence of intervals [a,, b,], for any n > 0:

And so on, and so forth.
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For each n > 0, one has

1
2!11

° dp < dn+1 < bn—l—l < bn-

° \b,,—an] =

b3 b2 bl 1
L1 .

Jérémie Cabessa (ISI) Introduction to Topology

11th July 2007

58 / 68



For each n > 0, one has

° ’bn_an’ :zin,

° dp < dn+1 < bn—|—1 < bn- (1)

Now let a be the smallest upper bound of the
(ai)i=0, and let b be the greatest lower bound of

the (b,’),‘>0

0 al a2 a3 .. a b .. b3 b2 bl 1
" L1 1 | | L1 .
. L I I L 0
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Then (1) implies a, < a < b < b, for all n > 0.
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Then (1) implies a, < a < b < b, for all n > 0.

Hence |b — a| < &, for all n > 0. Therefore
a=b.
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Since the covering (O,)ac; covers [0, 1] and
a = b € [0, 1], there exists an open set Op such
that a € Og.
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Since the covering (O,)ac; covers [0, 1] and
a = b € [0, 1], there exists an open set Op such
that a € Og.

Since Op is open, there is an € > 0 such that
S(a; 6) Q Og.
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Since the covering (O,)ac; covers [0, 1] and
a = b € [0, 1], there exists an open set Op such
that a € Og.

Since Op is open, there is an € > 0 such that
S(a; 6) Q Og.

Now let N large enough such that 2i,\, < €. Then
by — ay = 2LN < E.
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One has by — ay < € and a
Therefore [ay, by] € S(a;¢) C Os.
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-
One has by — ay < € and a = b € [ap, bp].
Therefore [ay, by] € S(a;¢) C Og.

In other terms, [ay, by]| is covered with a finite
subcovering of (O,)acs, namely O itself. A
contradiction.
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Corollary
Each closed interval [a, b] is compact.
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Connectedness
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A topological space is connected if it is all of one
piece.

[
\_/

Connected space Non-connected space
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A topological space is connected if it is all of one
piece. That is if it is impossible to decompose it
into two disjoint non-empty open sets.

Connected space Non-connected space
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Definition
A topological space X is said to be connected it
the only two clopen sets of X are () and X itself.
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Lemma
A topological space X is not connected if and only

if there are two non-empty open sets P and @
such that

s PUQ =X,

s PNQR=0.
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EEE————————
Proof.
(=) If X is not connected, there exists a
clopen set C such that C # 0, X.

y
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-
Proof.
(=) If X is not connected, there exists a
clopen set C such that C # 0, X.
Therefore C and C€ are open sets, and

CUC*=Xand CNCc=0.

y
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—
Proof.

(=) If X is not connected, there exists a
clopen set C such that C # 0, X.
Therefore C and C€ are open sets, and
CUC“=Xand CNC=0.

(<=) If there are two non-empty open sets P
and @ such that PU @ = X and
PN Q = (), then obviously P = Q¢ and
Q = P-.

Introduction to Topology 11th July 2007 67 / 68



—
Proof.

(=) If X is not connected, there exists a
clopen set C such that C # 0, X.
Therefore C and C€ are open sets, and
CUC“=Xand CNC=0.

(<=) If there are two non-empty open sets P
and @ such that PU @ = X and
PN Q = (), then obviously P = Q¢ and
Q = P°. These properties imply P and
Q clopen different from () and X.

L]
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One can prove that connected subsets of the real
line R are exactly the intervals.
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