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INTRODUCTION

» In machine learning, artificial neural networks have proven very
successful.
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INTRODUCTION

» In machine learning, artificial neural networks have proven very
successful.

» In theoretical computer science, the computational power of
neural networks have mainly been studied in the context of
classical computation (McCulloch & Pitts, Turing, Kleene, von Neu-
mann, Minsky, Papert,..., Siegelmann & Sontag,...).
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» In theoretical computer science, the computational power of
neural networks have mainly been studied in the context of
classical computation (McCulloch & Pitts, Turing, Kleene, von Neu-
mann, Minsky, Papert,..., Siegelmann & Sontag,...).

» Following w-automata theory, we consider neural networks in-
volved in infinite computations.

EXPRESSIVE POWER OF RECURRENT NEURAL NETWORKS JEREMIE CABESSA



INTRODUCTION AUTOMATA AND TNs RNNs [orpoLOoGY DET. w-RNNs NONDET. w-RNNSs CONCLUSION
° 00000 000000 0000 00000000000000 0OO00000000000000000 O

INTRODUCTION

» In machine learning, artificial neural networks have proven very
successful.

» In theoretical computer science, the computational power of
neural networks have mainly been studied in the context of
classical computation (McCulloch & Pitts, Turing, Kleene, von Neu-
mann, Minsky, Papert,..., Siegelmann & Sontag,...).

» Following w-automata theory, we consider neural networks in-
volved in infinite computations.

P> Related to non-terminating systems: hardwares, operating sys-
tems, control systems, etc.
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FINITE STATE AUTOMATON
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FINITE STATE AUTOMATON

»iw :
1

» an input u is accepted by A if A(u) reaches a final state

» an input u is rejected by A otherwise
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MULLER AUTOMATON
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MULLER AUTOMATON

1 0
5% 0 0
1 1

T ={{w, a1} {a1}}

» an input u is accepted by A if inf(p,) € T

» an input u is rejected by A otherwise
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TURING MACHINE

A Turing machine (TM) consists of an infinite tape, a read-write
head, and a finite program.

input u

LCfofrfojofaf T PP 1T TPT L]~

Finite
Program

state ¢in
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TURING MACHINE

A Turing machine (TM) consists of an infinite tape, a read-write
head, and a finite program.

input u
(efofafojolal J I L PP T 11T -
Finite
Program
state ¢in

» input u is accepted by M if M(u) reaches the state ggcc
» input u is rejected by M if M(u) reaches the state gre;
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TURING MACHINE WITH ADVICE

A Turing machine with advice (TM/A) is a TM provided with an
additional advice tape and advice function a: N — {0, 1}*.

input u

Cjofajofofs ] T T FTPT T g--

Finite
Program

K state ¢,
[ 1111
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TURING MACHINE WITH ADVICE

A Turing machine with advice (TM/A) is a TM provided with an
additional advice tape and advice function a: N — {0, 1}*.

input u

Cjofajofofs ] T T FTPT T g--

Finite
Program
K state ¢,
fefeqolaforofaqafafol T 1111
N— _
—

advice a(|u|)
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TURING MACHINE WITH ADVICE

A Turing machine with advice (TM/A) is a TM provided with an
additional advice tape and advice function a: N — {0, 1}*.

input u

Cjofajofofs ] T T FTPT T g--

Finite
Program

state ¢,

S [EE (D 5 E E  E E E
— —

——
advice a(|u|)

» P/poly is the class of languages recognized in polynomial time
by Turing machines with polynomial advices (TM/poly(A)).
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MULLER TURING MACHINE

A Muller Turing machine consists of a classical TM with Muller
acceptance condition.

input u ---
(fofafofolafafafofafafofofafafaf---
read oty
Finite
Program

Muller table T
K state q;n
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MULLER TURING MACHINE

A Muller Turing machine consists of a classical TM with Muller

acceptance condition.

input u ---
(fofafofolafafafofafafofofafafaf---
read oty
Finite
Program

Muller table T
K state q;n

» input u is accepted by M if inf(p,) € T
> input u is rejected by M otherwise
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RECURRENT NEURAL NETWORK
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BOOLEAN RECURRENT NEURAL NETWORKS
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SIGMOIDAL RECURRENT NEURAL NETWORKS
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SIGMOIDAL RECURRENT NEURAL NETWORKS
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RECURRENT NEURAL NETWORKS
1. Boolean rational RNNs: B-RNN[Q]s
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RECURRENT NEURAL NETWORKS
1. Boolean rational RNNs: B-RNN[Q]s
2. Boolean real RNNs: B-RNN[R]s
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RECURRENT NEURAL NETWORKS
1. Boolean rational RNNs: B-RNN[Q]s
2. Boolean real RNNs: B-RNN[R]s
3. Sigmoidal static rational RNNs: St-RNN[Q]s
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3. Sigmoidal static rational RNNs: St-RNN[Q]s
4. Sigmoidal static real RNNs: St-RNN[R]s
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1. Boolean rational RNNs: B-RNN[Q]s
2. Boolean real RNNs: B-RNN[R]s
3. Sigmoidal static rational RNNs: St-RNN[Q]s
4. Sigmoidal static real RNNs: St-RNN[R]s
5. Sigmoidal bi-valued evolving rational RNNs:  Evo-RNN[Q]s
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Sigmoidal static real RNNs:

Sigmoidal bi-valued evolving rational RNNs:

A

Sigmoidal bi-valued evolving real RNNs:

i(t)
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REsULTS (CLASSICAL COMPUTATION)

| BOOLEAN STATIC B1-VALUED EVOLVING EvoLviNG
FSA ™ TM/poly(A) TM/poly(A)

Q REG P P/poly P/poly
Kl 56, Mi 67 S&S 95 C&S 11,14 C&S 11,14
FSA TM/poly(A) TM/poly(A) TM/poly(A)

R REG P/poly P/poly P/poly
Kl 56, Mi 67 S&S 94 C&S 11,14 C&S 11,14
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CANTOR SPACE

The Cantor space {0,1}*
the set of infinite sequences of bits

0/'

\-o

/< \-<°/'
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CANTOR SPACE

The Cantor space {0,1}*
the set of infinite sequences of bits

0 -
An w-word 010 --

EXPRESSIVE POWER OF RECURRENT NEURAL NETWORKS JEREMIE CABESSA



INTRODUCTION  AUTOMATA AND TMs RNNs  TopoLoGY DET. w-RNNs NONDET. w-RNNs CONCLUSION
o 00000 000000 @000 00000000000000 0OO00000000000000000 O

CANTOR SPACE

The Cantor space {0,1}*
the set of infinite sequences of bits

0 An w-language -

EXPRESSIVE POWER OF RECURRENT NEURAL NETWORKS JEREMIE CABESSA



INTRODUCTION  AUTOMATA AND TMs RNNs  TopoLoGY DET. w-RNNs NONDET. w-RNNs CONCLUSION
o 00000 000000 @000 00000000000000 0OO00000000000000000 O

CANTOR SPACE

The Cantor space {0,1}*
the set of infinite sequences of bits

equipped with product topology

0 - of the discrete topology on {0,1}
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CANTOR SPACE

The Cantor space {0,1}*
the set of infinite sequences of bits
0 —* .
The basic open set 010{0,1}*
1—
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CANTOR SPACE

The Cantor space {0,1}*
the set of infinite sequences of bits

General open set:
countable union of basic open sets

0/°

\o

/< S
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BOREL HIERARCHY

height wy
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ANALYTIC SET
» An w-language L C {0,1}* is analytic (X1) iff it is the first
projection of some I19-set X C {0,1}* x {0,1}*.

{0, 1} {0,1}* x {0,1}

L=m(X) {0,1}¢
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ANALYTIC SET

» An w-language L C {0,1}* is analytic (X1) iff it is the first
projection of some Borel set X C {0,1}* x E, where E is a
Polish space (separable completely metrizable topological space).

E {0,1}* x E

Borel set X

L=m(X) {0,1}«
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BOREL HIERARCHY AND ANALYTIC CLASS
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DETERMINISTIC w-RNNS

We consider RNNs with Boolean input and output cells, sigmoidal
internal cells, and working on infinite inputs.
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We consider RNNs with Boolean input and output cells, sigmoidal
internal cells, and working on infinite inputs.

Boolean O—> Sigmoid (O Boolean
input . internal . output
cells o cells . cells
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Attractor (periodic)

» Input stream s € (BM)“ accepted by N iff N'(s) enters a
meaningful attractor.
» Input stream s € (BM)“ rejected by N otherwise.

EXPRESSIVE POWER OF RECURRENT NEURAL NETWORKS JEREMIE CABESSA



INTRODUCTION  AUTOMATA AND TMs RNNs l'ororLoGy DET. w-RNNs NONDET. w-RNNs CONCLUSION
o 00000 000000 0000 0®000000000000 DOOOOOOOOO0OO00000000 O

DETERMINISTIC w-RNNS
1. static rational RNNs: D-St-RNN[Q]s

EXPRESSIVE POWER OF RECURRENT NEURAL NETWORKS JEREMIE CABESSA



INTRODUCTION AUTOMATA AND TMs RNNs ['oroLoGy DET. w-RNNs NONDET. w-RNNs CONCLUSION
o 00000 000000 0000 0®000000000000 DOOOOOOOOO0OO00000000 O

DETERMINISTIC w-RNNS
1. static rational RNNs: D-St-RNN[Q]s
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Relationships between those models:

D-Ev-RNN[R]s

/ /

D-Ev-RNN[QJs
3

_— 1

D-Ev,-RNN[QJ$

D-St-RNN[R]s

D-St-RNN[Q]s
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RESuULTS

D-Ev-RNN[RJs |

P

D-Ev-RNN[QJs

D-Evyp-RNN[R]s \_ = BC(II9)-sets
>

/ r Super-Turing

D-Ev,-RNN[Q]s

D-St-RNN[R]s

/ ,/
€ BO(I19)-sets

D-St-RNN[Q]s } Turing (Muller)
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RESULTS

THEOREM

Let L. C (BM)“. The following conditions are equivalent.

» L is recognizable by some deterministic Muller TM
(and thus L € BC(I19))

» L is recognizable by some D-St-RNN[Q]
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O000@000000000 > O

RESULTS

THEOREM

Let L. C (BM)“. The following conditions are equivalent.

» L is recognizable by some deterministic Muller TM
(and thus L € BC(I19))

» L is recognizable by some D-St-RNN[Q]

PROOF (SKETCH): Generalization of the classical equivalence
between TMs and St-RNN[Q] (Siegelmann & Sontag 95).
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RESULTS

THEOREM

Let L C (BM)“. The following conditions are equivalent.
» [ € BO(II9);
» L is recognizable by some D-St-RNN[R];
» L is recognizable by some D-Evo-RNN[Q];
» L is recognizable by some D-Ev-RNN[Q];
>
>

L is recognizable by some D-Evo-RNN[R];
L is recognizable by some D-Ev-RNN[R].
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PROPOSITION

Let L € BC(I19). Then L is recognizable by some D-Evo-RNN[Q]
or by some D-St-RNN[R].
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RESULTS

PROPOSITION

Let L € BC(I19). Then L is recognizable by some D-Evo-RNN[Q]
or by some D-St-RNN[R].

PROOF (SKETCH):
> Assume that L € I13).
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PROPOSITION

Let L € BC(I19). Then L is recognizable by some D-Evo-RNN[Q]
or by some D-St-RNN[R].

PROOF (SKETCH):
> Assume that L € I13).
» The proof can be extended to L € BC(I19).
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PROPOSITION

Let L € BC(I19). Then L is recognizable by some D-Evo-RNN[Q]
or by some D-St-RNN[R].

PROOF (SKETCH):
> Assume that L € I13).
» The proof can be extended to L € BC(I19).
» L can be written as

L=Upi; ®")

i>05>0
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RESULTS

PROPOSITION

Let L € BC(I19). Then L is recognizable by some D-Evo-RNN[Q]
or by some D-St-RNN[R].

PROOF (SKETCH):
> Assume that L € I13).
» The proof can be extended to L € BC(I19).

» [ can be written as

L=Upi; ®")

i>05>0
» Hence L can be recursively encoded into some ry, € R.

EXPRESSIVE POWER OF RECURRENT NEURAL NETWORKS JEREMIE CABESSA



INTRODUCTION AUTOMATA AND TMs RNNs ['oroLoGy DET. w-RNNs NONDET. w-RNNs CONCLUSION
o 00000 000000 0000 0000000000@000 DOOOOOOOO0OOO0000000 O

RESULTS

Algorithm 1 Infinite procedure

Require: Input stream s = u(0)u(1)u(2) --- € (BM)“ and real number rp.
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Algorithm 1 Infinite procedure

Require: Input stream s = u(0)u(1)u(2) --- € (BM)“ and real number rp.

1: store each u(t) € BM as they arrive
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RESULTS

Algorithm 1 Infinite procedure

Require: Input stream s = u(0)u(1)u(2) --- € (BM)“ and real number rp.

1: store each u(t) € BM as they arrive

2 140,70

3. loop

4. decode Di,j from TL // recursive procedure if rj is given
12:
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CONCLUSION

Algorithm 1 Infinite procedure

Require: Input stream s = u(0)u(1)u(2) --- € (BM)“ and real number rp.

1: store each u(t) € BM as they arrive
2 140,70

3. loop

4: decode p; ; from rp,

5 if p;;j C s[0:c] then

12:
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Algorithm 1 Infinite procedure

Require: Input stream s = u(0)u(1)u(2) --- € (BM)“ and real number rp.

1: store each u(t) € BM as they arrive
2 140,70

3. loop

4: decode Di,j from TL // recursive procedure if rj is given
5: if p;; C s[0:c] then /1 s €piy- (BM)®
6: return 1 // 3G st s€p - (BM)W
8:

12:
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Algorithm 1 Infinite procedure

Require: Input stream s = u(0)u(1)u(2) --- € (BM)“ and real number rp.

1: store each u(t) € BM as they arrive

2 140,70

3. loop

4: decode p; ; from rp, // recursive procedure if Ty, is given
5 if p;;j C s[0:c] then /1 s € py - (BM)®

6 return 1 // 3G st s€p - (BM)W
7 i 1i+1,7+<0 // test if s € pjyq1.0 - (BM)¥
8

12:
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RESuULTS

Algorithm 1 Infinite procedure

Require: Input stream s = u(0)u(1)u(2) --- € (BM)“ and real number rp.

1: store each u(t) € BM as they arrive

2 140,70

3. loop

4 decode p; ; from rp, // recursive procedure if Ty, is given
5: if Pi,j - S[O:C] then // s €pij-

6 return 1 // 3§ st s€p; ;- (B
7 i 1i+1,7+<0 // test if s € i1 -

8 else /s € pij-

9 return 0 /) =3 <jst. o s€Ep; -
11:

12:
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Algorithm 1 Infinite procedure

Require: Input stream s = u(0)u(1)u(2) --- € (BM)“ and real number rp.

1: store each u(t) € BM as they arrive

2 140,70

3. loop

4 decode p; ; from rp, // recursive procedure if Ty, is given
5: if Pi,j - S[O:C] then // s €pij-

6 return 1 // 3§ st s€p; ;- (B
7 i 1i+1,7+<0 // test if s € i1 -

8 else /s € pij-

9 return 0 /) =3 <jst. o s€Ep; -
10: P4, j—5+1 // test if s € p; ji1 -
11:

12:
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[e]

RESULTS

Algorithm 1 Infinite procedure

Require: Input stream s = u(0)u(1)u(2)---

=
= o

12:

© ® N 9T K w N

store each u(t) € BM as they arrive
i+ 0,7+0
loop
decode p; ; from rp,
if Di,j - S[OIC] then
return 1
i 1i+1,7+<0
else
return 0
i1, j—j+1
end if

end loop

€ (BM)“ and real number rp,.

// recursive procedure if 7y, is given

/1 s €piy- (BM)®

// 3G st s€p - (BM)W
// test if s € piq.0 - (BM)¥
/] s &pijy- (B

// =3 j <js.t.s€p; - (BM)®

// test if s € p; ji1 - (BMyw

Algo returns co-many 1's iff s € (), U, (pi,; - (BM)” = L.
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RESULTS

» The algo can be simulated by some D-St-RNN[R] \, i.e.,

algo returns infinitely many 1's on s iff A/(s) visits a meaningful
attractor.
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» The algo can be simulated by some D-St-RNN[R] \, i.e.,

algo returns infinitely many 1's on s iff A/(s) visits a meaningful
attractor.

> se L(N)
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RESULTS

» The algo can be simulated by some D-St-RNN[R] \, i.e.,

algo returns infinitely many 1's on s iff A/(s) visits a meaningful
attractor.

> se L(N)

> iff A'(s) visits a meaningful attractor
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RESULTS

» The algo can be simulated by some D-St-RNN[R] \, i.e.,

algo returns infinitely many 1's on s iff A/(s) visits a meaningful
attractor.

> se L(N)
> iff A'(s) visits a meaningful attractor

» iff the algo returns infinitely many 1's on s
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RESULTS

» The algo can be simulated by some D-St-RNN[R] \, i.e.,

algo returns infinitely many 1's on s iff A/(s) visits a meaningful
attractor.

> se L(N)
> iff A'(s) visits a meaningful attractor

» iff the algo returns infinitely many 1's on s
> iff s € L.
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RESULTS

» The algo can be simulated by some D-St-RNN[R] \, i.e.,

algo returns infinitely many 1's on s iff A/(s) visits a meaningful
attractor.

> se L(N)
> iff A'(s) visits a meaningful attractor

» iff the algo returns infinitely many 1's on s
> iff s € L.

» Therefore, L(N) = L. O
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RESULTS

PROPOSITION

Let N' be some D-Ev-RNN[R]. Then L(N') € BC(I19).
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RESULTS

PROPOSITION

Let N' be some D-Ev-RNN[R]. Then L(N') € BC(I19).

PROOF (SKETCH):

» The function fy : (BM)* — (BF)“ associated with the dy-
namics of A/ is continuous (preimage of a 32V is 320).
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RESULTS

PROPOSITION

Let N' be some D-Ev-RNN[R]. Then L(N') € BC(I19).

PROOF (SKETCH):

» The function fy : (BM)* — (BF)“ associated with the dy-
namics of A/ is continuous (preimage of a 32V is 320).

» Accordingly, the w-language L(N') can be expressed as a finite
intersection of preimages of 39 sets (which are 39 by continu-
ity of far).
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RESULTS

PROPOSITION

Let N' be some D-Ev-RNN[R]. Then L(N') € BC(I19).

PROOF (SKETCH):
» The function fy : (BM)* — (BF)“ associated with the dy-

namics of A/ is continuous (preimage of a 32V is 320).

» Accordingly, the w-language L(N') can be expressed as a finite
intersection of preimages of 39 sets (which are 39 by continu-
ity of far).

» Therefore, L(N) € BC(I19). O
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RESULTS — SUMMARY

DET. STATIC B1-vALUED EVOLVING ~ GENERAL EVOLVING
D-St-RNN[Q]s D-Ev2-RNN[Q]s D-Ev-RNN[Q]s
Q € BC(119) = BC(I3) = BC(II3)
Turing (Muller) super-Turing super-Turing
D-St-RNN[R]s D-Ev2-RNN[R]s D-Ev-RNN[R]s
R = BC(I19) = BC(119) = BC(119)
super-Turing super-Turing super-Turing
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NONDETERMINISM OF TYPE [

The RNNs are provided with an additional Boolean guess cell.

Guess cell QO
O
O Boolean

output
cells

Boolean O—
input

cells 0/7

Sigmoid
internal
cells

O

EXPRESSIVE POWER OF RECURRENT NEURAL NETWORKS JEREMIE CABESSA



INTRODUCTION  AUTOMATA AND TMs RNNs I'opoLOGY DET. w-RNNs NONDET. w-RNNs CONCLUSION
o 00000 000000 0000

0O00000000O00OOO @000000O0000000000000 O

NONDETERMINISM OF TYPE [

The RNNs are provided with an additional Boolean guess cell.

Guess cell O

O

Boolean O~ Sigmoid O Boolean
input internal output
cells o cells cells

Guess stream

Infinite Boolean
input stream
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NONDETERMINISM OF TYPE [

The RNNs are provided with an additional Boolean guess cell.

Guess cell O
O

Boolean O~ Sigmoid O Boolean
input . internal output
cells o cells cells

Guess stream ©0 0000000000000 e000
Infinite Boolean ©@00000000e0000800000
input stream 00O@0000@00@0000 08 8O0

Infinite Boolean
output stream

(o]
[e]
[ ]
(o]
coeo
(o]
(o]
[e]
o0

coeo00e®@o0O0
—

—
Attractor (periodic)
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NONDETERMINISM OF TYPE [

The RNNs are provided with an additional Boolean guess cell.

Guess cell O

Boolean O~ Sigmoid O Boolean

input . internal . output
cells o : cells
Guess stream ©0 0000000000000 e000
Infinite Boolean ° o °
input stream 00O@0000@00@0000 08 8O0
Infinite Boolean g ®oo c,eo0e eoe

0ceocoeo: oo e
000000000000 00000 80 ---
output stream 0OO0O@0000@00@000e00eO0O0

Attractor (periodic)

> Input stream s € (BM)“ accepted by N iff there exists some
guess g € B¥ s.t. N(s,g) enters a meaningful attractor.
» Input stream s € (BM)“ rejected by N otherwise.
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NONDETERMINISTIC w-RNNs: TYPE [
1. static rational RNNs: N-St-RNN[Q]s
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NONDETERMINISTIC w-RNNS: TYPE I
1. static rational RNNs: N-St-RNN[Q]s
2. static real RNNs: N-St-RNN[R]s

N M
zi(t+1) =0 (Z aj - x5 (t) + Zb,-] -y (t) + c,)
j=1

j=1
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CONCLUSION

[e] 00000 000000 0000 0O00000000O00OOO 00000000000 00000000 O

NONDETERMINISTIC w-RNNs: TYPE [

1. static rational RNNs: N-St-RNN[Q]s
2. static real RNNs: N-St-RNN[R]s
3. bi-valued evolving rational RNNs: N-Evo-RNN[Q]s

i g

oain

N M
/ zit+1) =0 (Zu,] <mj(t)+Zb,-] ~u,j(t)+c,,)
=1

j=1

neuron
;
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NONDETERMINISTIC w-RNNs: TYPE [

1. static rational RNNs: N-St-RNN[Q]s
2. static real RNNs: N-St-RNN[R]s
3. bi-valued evolving rational RNNs: N-Evo-RNN[Q]s
4. bi-valued evolving real RNNs: N-Eva-RNN[R]s

=1

N M
zt+1) =0 (Z aig(t) - (8) + > bij(t) - u;(t) + cl(t))
j=1
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NONDETERMINISTIC w-RNNs: TYPE [

1. static rational RNNs: N-St-RNN[Q]s
2. static real RNNs: N-St-RNN[R]s
3. bi-valued evolving rational RNNs: N-Evo-RNN[Q]s
4. bi-valued evolving real RNNs: N-Eva-RNN[R]s
5. general evolving rational RNNs: N-Ev-RNN[Q]s
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INTRODUCTION

\TA AND TMs RNN

NONDETERMINISTIC w-RNNs: TYPE [

1. static rational RNNs: N-St-RNN[Q]s
2. static real RNNs: N-St-RNN[R]s
3. bi-valued evolving rational RNNs: N-Evo-RNN[Q]s
4. bi-valued evolving real RNNs: N-Eva-RNN[R]s
5. general evolving rational RNNs: N-Ev-RNN[Q]s
6. general evolving real N-RNNs: N-Ev-RNN[R]s
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INTRODUCTION

\TA AND TMs RNN

NONDETERMINISTIC w-RNNs: TYPE [

1. static rational RNNs: N-St-RNN[Q]s
2. static real RNNs: N-St-RNN[R]s
3. bi-valued evolving rational RNNs: N-Evo-RNN[Q]s
4. bi-valued evolving real RNNs: N-Eva-RNN[R]s
5. general evolving rational RNNs: N-Ev-RNN[Q]s
6. general evolving real N-RNNs: N-Ev-RNN[R]s

EXPRESSIVE POWER OF RECURRENT NEURAL NETWORKS JEREMIE CABESSA



INTRODUCTION AUTOMATA AND TMs RNNs ForpoLoGcy DET. w-RNNs NONDET. w-RNNs CONCLUSION
o 00000 000000 0000 0000000000000 OO00000000000000000 O

NONDETERMINISM OF TYPE I
Relationships between those models:
N-Ev-RNN[R]s

N-Ev-RNN[Q)s
3y

N-Ev,-RNN[R]s

_—— 1

N-Ev,-RNN[Q]$

N-St-RNN[R]s

I

N-St-RNN[QJs
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NONDETERMINISM OF TYPE II

A possible evolution e = w(0) w(1) w(2) - - - € QF or RE

adhndNIA T

QX or R
~I—> time ¢
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NONDETERMINISM OF TYPE II

A possible evolution e = w(0) w(1) @W(2) - -- € QK or RE

QK or R
J—» time ¢
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CONCLUSION

Evolution (closed) set
E ¢ (Q%) or (RF)®

QK or RX

j—; time t
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NONDET. w-RNNs
NONDETERMINISM OF TYPE II
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CONCLUSION

Evolution (closed) set
E < (QF) or (RF)*

QK or RX

j—; time t
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AUTOMATA AND
000000 0000

INTRODUCTION
00000

[e]

NONDETERMINISM OF TYPE II
The RNNs are provided with an additional evolution set

QO Boolean

Boolean O—s Sigmoid
input - internal . output
cells o cells : cells
(®)

s /” ~

_ — —~__ -
Evolution / ~__ \A _— /\
\met e \ P /\/\
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NONDETERMINISM OF TYPE II

The RNNs are provided with an additional evolution set.

Boolean O—>| Sigmoid O Boolean
input - internal . output
cells o cells : cells

[5.5% —~ ..

—
Evolution y - 7\,//7—7»,// N
Nime t__ T \/\
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NONDETERMINISM OF TYPE II

The RNNs are provided with an additional evolution set.

Boolean O—>| Sigmoid O Boolean
input - internal output
cells o cells cells

Infinite Boolean
input stream
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NONDETERMINISM OF TYPE II

The RNNs are provided with an additional evolution set.

Boolean O—>| Sigmoid O Boolean
input - internal . output
cells o cells : cells

Evolution

Infinite Boolean
input stream

Infinite Boolean c:e0ce@eOceeO0e
output stream

—
Attractor (periodic)
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NONDETERMINISM OF TYPE II
The RNNs are provided with an additional evolution set.

Boolean O~ Sigmoid O Boolean
input internal . output
cells o cells : cells

5.8 P
Evolution [\\ ; -~ “w/if(/’/ N
L timet ~— — "\
Infinite Boolean ©000000000000000000
input stream 0C0®000000000000008eO0
. i 0ceo0o0o0 . ceeoce
Infinite Boolean coeoe eece0e ...
output stream o0 e®o0o0 00 e®o0o0

"Attractor (periodic)
> Input stream s € (BM)“ accepted by N iff there exists some
evolution e € E s.t. N(s,e) enters a meaningful attractor.
» Input stream s € (BM)“ rejected by AN otherwise.
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NONDETERMINISTIC w-RNNs: TYPE II

1. bi-valued evolving rational RNNs: N-Ev,-RNN[Q]s
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NONDETERMINISTIC w-RNNs: TYPE II

1. bi-valued evolving rational RNNss: N-Evy-RNN[Q]s
2. bi-valued evolving real RNNs: N-Evy-RNN[R]s

neuron i ()

N M
bat zi(t+1) =0 (Z a;(t) - z;(t) + Zb,](t) cuy(t) + cl(f,))
o /' i=t i=1
al)
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NONDETERMINISTIC w-RNNs: TYPE II

1. bi-valued evolving rational RNNss: N-Evy-RNN[Q]s
2. bi-valued evolving real RNNs: N-Evy-RNN[R]s
3. general evolving rational RNNs: N-Ev-RNN[Q]s

a; ,
neuron ain(

N M
balt zi(t+1) =0 (Z aii(t) - a5 (8) + > by (1) -u;(t) + ol(t))
b /' i=1 J=1

alt)
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NONDETERMINISTIC w-RNNs: TYPE II

1. bi-valued evolving rational RNNss: N-Evy-RNN[Q]s
2. bi-valued evolving real RNNs: N-Evy-RNN[R]s
3. general evolving rational RNNs: N-Ev-RNN[Q]s
4. general evolving real N-RNNs: N-Ev-RNN[R]s

neuron

N M
q zt+1) =0 (Z aii(t) - a5 (8) + > by (1) -u;(t) + w))
boan / j=1 i=1

ci(t)
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NONDETERMINISTIC w-RNNs: TYPE II

1. bi-valued evolving rational RNNss: N-Evy-RNN[Q]s
2. bi-valued evolving real RNNs: N-Evy-RNN[R]s
3. general evolving rational RNNs: N-Ev-RNN[Q]s
4. general evolving real N-RNNs: N-Ev-RNN[R]s

neuron

N M
q zt+1) =0 (Z aii(t) - a5 (8) + > by (1) -u;(t) + w))
boan / j=1 i=1

ci(t)
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NONDETERMINISM OF TYPE II

Relationships between those models:

N-Ev-RNN[R]s
- A

P

N-Ev-RNN[QJs_ :

4 |
! |
! |
| N-Evy-RNN[R]s
| >

. -
-
-
-

5 | - -
N-Evo-RNN[Q]s
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NONDETERMINISM OF TYPES [ AND II

LEMMA

The nondeterminism of type | is a particular case of that of type II.

PROOF: simply build an evolution set that takes into account all
possible guess streams.
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NONDETERMINISM OF TYPES [ AND II

Relationships between all nondeterministic models:

N-Ev-RNN[R]s
=TT T
N-Ev-RNN[QJs~ |
.7 7 ‘ Lo ]
: N-Ev-RNN[R]s |
. - 1
s N-Ev,-RNN[R]s
N-Ev-RNN[Q]s | -7 74

, 1 - -
N-Ev,-RNN[Q]s
74

N-Ev,-R Nf\f[@]s

N-St-RNN[R]s

N-St-RNN[QJ$
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o 00000 000000 0000
N-Ev-RNN[R]s
- e 4 A
N-Ev-RNN[QJs™ |
7 A
R |
L \ N-Ev-RNN[R]s |
|
/ K-Evo-RNN[R]s
N-Ev-RNN[Q]$ ] - T4
N | -7 3
N-Ev,-RNN[QJs
7

N-Evo-HNK Qs .-

N-St-RNN[R]s

N-St-RNN[QJs

EXPRESSIVE POWER OF RECURRENT NEURAL NETWORKS
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Ny T1-sets
/~~ Super-Turing

1-sets

_/
}Turing (Muller)
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INTRODUCTION AUTOMATA AND TMs RNNs [opoLOGY DET

RESULTS

THEOREM

Let L. C (BM)“. The following conditions are equivalent.
» Lexl

» L is recognizable by some nondeterministic Muller TM
» L is recognizable by some N-St-RNN[Q]
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RESULTS

THEOREM

Let L. C (BM)“. The following conditions are equivalent.
» Lexl

» L is recognizable by some nondeterministic Muller TM
» L is recognizable by some N-St-RNN[Q]

PROOF: Generalization of the classical equivalence between TMs
and St—RNN[Q] (Siegelmann & Sontag 95).
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RESuULTS
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RESULTS
Let L C (BM)“. The following conditions are equivalent.

> Lexi;

» L is recognizable by some N-St-RNN[R];

» L is recognizable by some N-Evo-RNN[Q];

> L is recognizable by some N-Evy-RNN[Q];
» L is recognizable by some N-Ev-RNN[Q];
>
| 2
>
| 2

L is recognizable by some N-Ev-RNN[Q];
L is recognizable by some N-Evy-RNN[R];
L is recognizable by some N-Evo-RNN|[R];
L is recognizable by some N-Ev-RNN[R].
» L is recognizable by some N-Ev-RNN[R].
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[e] 00000

RESuULTS

1
- >1
C
£(N-Ev-RNN[R]s)
- - 7\
L(R-Ev-RNN[QJs] :
T A |
: £(N-Ev-RNN[R}s) |
- |
£(N-Ev,-RNN[R]s)
L£(N-Ev-RNN[Q[F) | =7 71
| ==
L(N-Ev,-RNN[Q]s) J >1-sets
.7 L Super-Turing

£(N-Ev, RNNR]S)

L(N-Evy- NN[Q/
U

zli/g

! L£(N-S-RNN[R]s) )
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RESULTS

PROPOSITION

Let L € 1. Then L is recognizable by some N-Eva-RNN[Q] or by
some N-S5t-RNN[R].
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RESULTS

PROPOSITION

Let L € 1. Then L is recognizable by some N-Eva-RNN[Q] or by
some N-S5t-RNN[R].

PROOF (SKETCH):

» Since L € 31, there exists some ITJ set X C (BM)« x {0, 1}
such that L = m(X).

X = (VU (- BV gy £0.119)

i>045>0
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RESULTS

PROPOSITION

Let L € 1. Then L is recognizable by some N-Eva-RNN[Q] or by
some N-S5t-RNN[R].

PROOF (SKETCH):

» Since L € 31, there exists some ITJ set X C (BM)« x {0, 1}
such that L = m(X).

X = (VU (- BV gy £0.119)

i>045>0

> X can be recursively encoded into some rx € R.
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RESULTS

Algorithm 2 Infinite procedure

Require: Input stream s = u(0)u(1)u(2)--- € (BM)«,
guess stream g = ¢g(0)g(1)g(2) - - - € B¥, and real number rx.
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RESULTS

Algorithm 2 Infinite procedure

Require: Input stream s = u(0)u(1)u(2)--- € (BM)«,
guess stream g = g(0)g(1)g(2) - - - € B¥, and real number rx.

1: store each u(t) € BM and g(t) € {0,1} as they arrive
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RESULTS

Algorithm 2 Infinite procedure

Require: Input stream s = u(0)u(1)u(2)--- € (BM)«,
guess stream g = g(0)g(1)g(2) - - - € B¥, and real number rx.

1: store each u(t) € BM and g(t) € {0,1} as they arrive
2 140,70
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RESULTS

Algorithm 2 Infinite procedure

Require: Input stream s = u(0)u(1)u(2)--- € (BM)«,
guess stream g = g(0)g(1)g(2) - - - € B¥, and real number rx.

1: store each u(t) € BM and g(t) € {0,1} as they arrive

2 140,70

3: loop

4. decode (le,qZ’]) from rXx // recursive procedure if ryx is given
12:
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RESULTS
Algorithm 2 Infinite procedure
Require: Input stream s = u(0)u(1)u(2)--- € (BM)«,
guess stream g = g(0)g(1)g(2) - - - € B¥, and real number rx.
1: store each u(t) € BM and g(t) € {0,1} as they arrive
2 140,70
3: loop
4. decode (pl,jvql,]) from rXx // recursive procedure if ryx is given
5 if p;;j C s[0:c] and g;,; C g[0:c] then /7 (s,9) € pi,j - BM)Y x g ;- {0,1}*

12:
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RESULTS

Algorithm 2 Infinite procedure

Require: Input stream s = u(0)u(1)u(2)--- € (BM)«,
guess stream g = g(0)g(1)g(2) - - - € B¥, and real number rx.

1: store each u(t) € BM and g(t) € {0,1} as they arrive

2 140,70

3: loop

4 decode (pl,jvql,]) from X // recursive procedure if rx is given
5: if p;;j C s[0:c] and g;,; C g[0:c] then /1 (s,9) € pij - BM)Y x q; ;- {0,1}¥
6: return 1 // 35 s.t. (s,9) €pi - (‘.'U)"J x qi,; - {0, 1}
8:

12:
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RESuULTS

Algorithm 2 Infinite procedure

Require: Input stream s = u(0)u(1)u(2)--- € (BM)«,
guess stream g = g(0)g(1)g(2) - - - € B¥, and real number rx.

1: store each u(t) € BM and g(t) € {0,1} as they arrive

2 140,70

3: loop

4: decode (p;,j, qi,j) from rx // recursive procedure if rx is given
5: if p;;j C s[0:c] and g;,; C g[0:c] then /7 (s,9) € pi,j - BM)Y x g ;- {0,1}*
6: return 1 /13§ st (s,9) €piy- BM)Y x q; ;- {0,1}*
7: i< 14+1,75+0 // test if (s,9) € pit1,0 - BM)¥ X qiy1,0-{0,1}*
8:

12:
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RESuULTS

Algorithm 2 Infinite procedure

Require: Input stream s = u(0)u(1)u(2)--- € (BM)«,

guess stream g = g(0)g(1)g(2) - - - € B¥, and real number rx.

1: store each u(t) € BM and g(t) € {0,1} as they arrive

2 140,70

3: loop

4: decode (p;,j, qi,j) from rx // recursive procedure if rx is given
5: if p;;j C s[0:c] and g;,; C g[0:c] then /7 (s,9) € pi,j - BM)Y x g ;- {0,1}*

6: return 1 /13§ st (s,9) €piy- BM)Y x q; ;- {0,1}*
7: i< 14+1,75+0 // test if (s,9) € pit1,0 - BM)¥ X qiy1,0-{0,1}*
8: else /1 (s,9) € pij - BM)Y x q; ;- {0,1}¢

11:

12:
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Algorithm 2 Infinite procedure

Require: Input stream s = u(0)u(1l)u
guess stream g = ¢g(0)g(1)g(2) - -

(2)--- € (BM)~,
- € B¥, and real number rx.

1: store each u(t) € BM and g(t) € {0,1} as they arrive

2 140,70

3: loop

4: decode (p;,j, qi,j) from rx // recursive procedure if rx is given
5: if p;;j C s[0:c] and g;,; C g[0:c] then /7 (s,9) € pi,j - BM)Y x g ;- {0,1}*
6: return 1 /13§ st (s,9) €piy- BM)Y x q; ;- {0,1}*
7 i<—i+1,j+0 // test if (s,9) € pir1.0 - BM)Y X qiy1.0-{0,1}¥
8: else /1 (s,9) € pij - BM)Y x q; ;- {0,1}¢
9: return 0 /1 =35 < st (s,9) € py - BM)Y xq; {013
11:

12:
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Algorithm 2 Infinite procedure

Require: Input stream s = u(0)u(1)u(2)--- € (BM)«,

guess stream g = g(0)g(1)g(2) - - - € B¥, and real number rx.

1: store each u(t) € BM and g(t) € {0,1} as they arrive

2 140,70

3: loop

4: decode (p;,j, qi,j) from rx // recursive procedure if rx is given
5: if p;;j C s[0:c] and g;,; C g[0:c] then /7 (s,9) € pi,j - BM)Y x g ;- {0,1}*

6: return 1 /73§ st (s,9) €piy- BM)Y x g ;- {0,1}%
7 i< 14+1,75+0 // test if (s,9) € pit1,0 - BM)¥ X qiy1,0-{0,1}*
8: else /1 (s,9) € pij - BM)Y x q; ;- {0,1}¢

9: return 0 /1 =35" < j st (s,9) €p; - (BM)w x a; ;o - {0,1}¥
10: i1, j—j+1 // test if (s,9) € pi j41 - BM)Y X q; j41 - {0,1}%
11:

12:
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Algorithm 2 Infinite procedure

Require: Input stream s = u(0)u(1)u(2)--- € (BM)«,
guess stream g = g(0)g(1)g(2) - - - € B¥, and real number rx.

1: store each u(t) € BM and g(t) € {0,1} as they arrive

2 140,70

3: loop

4 decode (p;,j, qi,j) from rx // recursive procedure if rx is given
5: if p;;j C s[0:c] and g;,; C g[0:c] then /7 (s,9) € pi,j - BM)Y x g ;- {0,1}*
6 return 1 /73§ st (s,9) €piy- BM)Y x g ;- {0,1}%
7 i< 14+1,75+0 // test if (s,9) € pit1,0 - BM)¥ X qiy1,0-{0,1}*
8 else /1 (s,9) € pij - BM)Y x q; ;- {0,1}¢
9 return 0 /7 =35 <j st (s,9) €y g - (BMyw X q; {01}
10: i, j—j+1 // test if (s,9) € pi j41 - BM)Y X q; j41 - {0,1}%
11: end if

12: end loop

Algo returns co-many 1's iff (s, g) € (), U, (pi; - (BM)* x gi;-{0,1}¥) = X
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» The algo can be simulated by some N-St-RNN[R] V/, i.e.,

algo returns infinitely many 1's on (s,g) iff AV'(s,g) visits a
meaningful attractor.
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RESULTS

» The algo can be simulated by some N-St-RNN[R] V/, i.e.,

algo returns infinitely many 1's on (s,g) iff AV'(s,g) visits a
meaningful attractor.

> se L(N)
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RESULTS

» The algo can be simulated by some N-St-RNN[R] V/, i.e.,

algo returns infinitely many 1's on (s,g) iff AV'(s,g) visits a
meaningful attractor.

> se L(N)

> iff 3 g € B¥ s.t. N(s,g) visits a meaningful attractor
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RESULTS

» The algo can be simulated by some N-St-RNN[R] V/, i.e.,

algo returns infinitely many 1's on (s,g) iff AV'(s,g) visits a
meaningful attractor.

> se L(N)
> iff 3 g € B¥ s.t. N(s,g) visits a meaningful attractor
> iff 3 g € B¥ s.t. the algo returns infinitely many 1's on (s, g)
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RESULTS

» The algo can be simulated by some N-St-RNN[R] V/, i.e.,

algo returns infinitely many 1's on (s,g) iff AV'(s,g) visits a
meaningful attractor.

> se L(N)
> iff 3 g € B¥ s.t. N(s,g) visits a meaningful attractor

> iff 3 g € B¥ s.t. the algo returns infinitely many 1's on (s, g)
> iff 3geBY st (s,9) € X
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RESULTS

» The algo can be simulated by some N-St-RNN[R] V/, i.e.,
algo returns infinitely many 1's on (s,g) iff AV'(s,g) visits a
meaningful attractor.

> se L(N)

> iff 3 g € B¥ s.t. N(s,g) visits a meaningful attractor

> iff 3 g € B¥ s.t. the algo returns infinitely many 1's on (s, g)
> iff 3geBY st (s,9) € X

> iff s € i (X) = L.
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RESULTS

» The algo can be simulated by some N-St-RNN[R] V/, i.e.,
algo returns infinitely many 1's on (s,g) iff AV'(s,g) visits a
meaningful attractor.

> se L(N)

> iff 3 g € B¥ s.t. N(s,g) visits a meaningful attractor
> iff 3 g € B¥ s.t. the algo returns infinitely many 1's on (s, g)
> iff 3geBY st (s,9) € X
> iff s € i (X) = L.
» Therefore, L(N) = L. O
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RESULTS

PROPOSITION

Let N be some N-Ev-RNN[R]. Then L(N) € 1.
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RESULTS

PROPOSITION

Let N be some N-Ev-RNN[R]. Then L(N) € 1.

PROOF (SKETCH):

» The function fi : (BM)¥ x E — (BF)“ associated with the
dynamics of AV is of Baire class 1 (preimage of a 0 is 39).
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RESULTS

PROPOSITION

Let N be some N-Ev-RNN[R]. Then L(N) € 1.

PROOF (SKETCH):
» The function fn : (BM)¥ x E — (BF)“ associated with the
dynamics of AV is of Baire class 1 (preimage of a 0 is 39).

» Accordingly, the w-language L(N') can be expressed as the first
projection of a finite Boolean combination of X3 and IIJ sets
(i.e., of a Borel set) of the Polish space (BM)* x E.
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RESULTS

PROPOSITION

Let N be some N-Ev-RNN[R]. Then L(N) € 1.

PROOF (SKETCH):

» The function fn : (BM)¥ x E — (BF)“ associated with the
dynamics of AV is of Baire class 1 (preimage of a 0 is 39).

» Accordingly, the w-language L(N') can be expressed as the first
projection of a finite Boolean combination of X3 and IIJ sets
(i.e., of a Borel set) of the Polish space (BM)* x E.

» Therefore, L(N) € £1. O
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RESULTS — SUMMARY

NONDET. STATIC BI1-vALUED EVOLVING ~ GENERAL EVOLVING
N-St-RNN[Q]s N-Ev2-RNN[Q]s N-Ev-RNN[Q]s
- N-Evo-RNN[Q]s N-Ev-RNN[Q]s
v = 31 (lightface) = %1 (boldface) = %1 (boldface)
Turing (Muller) super-Turing super-Turing
N-St-RNN[R]s N-Ev2-RNN[R]s N-Ev-RNN[R]s
" - N-Evo-RNN[R]s N-Ev-RNN[R]s
= %1 (boldface) = %1 (boldface) = %1 (boldface)
super-Turing super-Turing super-Turing
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CONCLUSION

» The issue of computational power precedes that of learning.
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CONCLUSION

» The issue of computational power precedes that of learning.

> We provided a characterization of the expressive power of re-
current neural networks working on infinite inputs.
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CONCLUSION

» The issue of computational power precedes that of learning.

> We provided a characterization of the expressive power of re-
current neural networks working on infinite inputs.

» In general, the super-Turing computational capabilities of neu-
ral models raises the question of hypercomputation.
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CONCLUSION

» The issue of computational power precedes that of learning.

> We provided a characterization of the expressive power of re-
current neural networks working on infinite inputs.

» In general, the super-Turing computational capabilities of neu-
ral models raises the question of hypercomputation.

» Current physical theories are consistent with the possibility of
hypercomputational systems (quantum, relativistic, etc.). No
such systems are currently feasible or harnessable.
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