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Introduction
°

Classifying w-rational languages

Automata Algebra
The Wagner Hierarchy [CarPer96,99], [DupRis06]
[Wag79] v The FSG-hierarchy
Descriptive set theory
The Wadge hierarchy
of w-rational languages
[Sel98]
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w-Rational Languages
°0

Muller automaton (deterministic)

A is a labeled graph, with 7, C P°.

0
(J
0

Ta = {{%}, {au}}
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Introduction w-Rational Languages ner hierarchy

o0

Muller automaton (deterministic)

A is a labeled graph, with 7, C P°.

0
o
@
T4 = {{00}, {}}

Then L¥(A) = A*(0¥ U 1v).
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w-Rational Languages
oe

The following conditions are equivalent:

L is w-rational
L is recognizable by a finite Muller automaton.
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The Wagner hierarchy
©00

The Wagner Hierarchy
(classification of w-rational languages)
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Introduction v-Rational Languages The Wagner hierarchy

@00

The Wagner Hierarchy
(classification of w-rational languages)

Given two w-rational languages K and L, we set

K <wL iff K =f"}L)forsome continuous functiohn
iff weKef(w) el
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The Wagner Hierarchy
(classification of w-rational languages)
Given two w-rational languages K and L, we set

K <wL iff K =f"}L)forsome continuous functiohn
iff weKef(w) el
K <w L iff K SW L ﬁw K
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Introduction v-Rational Languages The Wagner hierarchy

@00

The Wagner Hierarchy
(classification of w-rational languages)

Given two w-rational languages K and L, we set

K <wL iff K =f"}L)forsome continuous functiohn
iff weKef(w) el

K<wl iff K<wL %wK

K=wlL iff K<wL <wK.
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The Wagner hierarchy
©00

The Wagner Hierarchy
(classification of w-rational languages)

Given two w-rational languages K and L, we set

K <wL iff K =f"}L)forsome continuous functiohn
iff weKef(w) el

K<wl iff K<wL %wK

K=wlL iff K<wL <wK.

Definition (Wagner hierarchy)

The collection of all w-rational languages ordered by the
relation <y is called the Wagner hierarchy.

The Algebraic Counterpart of the Wagner Hierarchy Jérémie Cabessa




[e] Jo)
Theorem

The Wagner hierarchy has height w* and it is decidable.

Wagner s
naming procedure
L(ﬂ)
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The Wagner hierarchy
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Wagner’s decidability procedure
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The Wagner hierarchy
000

Wagner’s decidability procedure

Classifying w-rational language is equivalent to classifying
their underlying Muller automata.
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The Wagner hierarchy
000

Wagner’s decidability procedure

Classifying w-rational language is equivalent to classifying
their underlying Muller automata.

T= {{qo}’ {q27 q3}) {q4}’ {CI67 Q7}, {QS}, {qu) Cl11}1 {Q12}}
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The Wagner hierarchy
000

Wagner’s decidability procedure

Classifying w-rational language is equivalent to classifying
their underlying Muller automata.

1 0134 1 01234 1
02,34
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T= {{qo}’ {q27 q3}) {q4}’ {CI67 Q7}, {QS}, {qu) Cl11}1 {Q12}}
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The Wagner hierarchy
000

Wagner’s decidability procedure

Classifying w-rational language is equivalent to classifying
their underlying Muller automata.

Q

Q
O @
8
T= {{qo}’ {q27 q3}) {q4}’ {CI67 Q7}, {QS}, {qu) Cl11}1 {Q12}}
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The Wagner hierarchy
000

Wagner’s decidability procedure

Classifying w-rational language is equivalent to classifying
their underlying Muller automata.

. [-] (01 3 .
0 Q"
[+]w! -3

T= {{qo}’ {q27 q3}) {q4}’ {CI67 Q7}, {QS}, {qu) Cl11}1 {Q12}}
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The Wagner hierarchy
000

Wagner’s decidability procedure

Classifying w-rational language is equivalent to classifying
their underlying Muller automata.

o3

[+ 2

[+o!' -3

T= {{qo}’ {q27 q3}) {q4}’ {CI67 Q7}, {QS}, {qu) Cl11}1 {Q12}}
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The Wagner hierarchy
000

Wagner’s decidability procedure

Classifying w-rational language is equivalent to classifying
their underlying Muller automata.

o3

dy(L(R))

[+ 2

wl3+wl2=w'3+2

[+o!' -3

T= {{qo}’ {q27 q3}) {q4}’ {CI67 Q7}, {QS}, {qu) Cl11}1 {Q12}}
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w-Semigroups
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rational languages

finite automata <:> finite semigroups
a(bc) = (ab)c
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w-Semigroups
®00000000

w-rational languages

finite -automata <:> finite (-semigroups
a(bc) = (ab)c & infinite product
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Introduction »-Rational Languages N ner hierarchy w-Semigroups The -hier

O@0000000

A semigroup (S -) is a set Sequipped with an associative
binary operation “-” on S.
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w-Semigroups
0®0000000

A semigroup (S -) is a set Sequipped with an associative
binary operation “-” on S.

Example

The set {0, 1} equipped with the usual multiplication is a
semigroup.

The Algebraic Counterpart of the Wagner Hierarchy Jérémie Cabessa



Introduction onal Lang g gner hierarchy w-Semigroups The

[©] ) ( 0O0@000000

An w-semigroup is a semigroup equipped with a suitable
infinite product.
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Introduction v-Rational Languages The Wagner hierarchy w-Semigroups The

0O0@000000

An w-semigroup is a semigroup equipped with a suitable
infinite product.

Definition ( w-semigroup)

An w-semigroup Sis a pair (S;,S,), where S, is a
semigroup, S, is a set, and equipped with
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Introduction v-Rational Languages The Wagner hierarchy w-Semigroups The

0O0@000000

An w-semigroup is a semigroup equipped with a suitable
infinite product.

Definition ( w-semigroup)

An w-semigroup Sis a pair (S;,S,), where S, is a
semigroup, S, is a set, and equipped with

B an associative mixed product: S, x §, — S,
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Introduction v-Rational Languages h agner hierarchy w-Semigroups

0O0@000000

An w-semigroup is a semigroup equipped with a suitable
infinite product.

Definition ( w-semigroup)

An w-semigroup Sis a pair (S;,S,), where S, is a
semigroup, S, is a set, and equipped with

B an associative mixed product: S, x §, — S,
m a surjective infinite product 7s : ¢ — S, satisfying

Ts(SoS1 " Si—1, Sy * " Skp1, - - -) = (S0, S1, 52, - - -,
srs(S0, 81, %2, - - -) = 7s(S, %0, S1, S, - - -)-
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Introduction v-Rational Languages h agner hierarchy w-Semigroups

0O0@000000

An w-semigroup is a semigroup equipped with a suitable
infinite product.

Definition ( w-semigroup)

An w-semigroup Sis a pair (S;,S,), where S, is a
semigroup, S, is a set, and equipped with

B an associative mixed product: S, x §, — S,
m a surjective infinite product 7s : ¢ — S, satisfying

Ts(SoS1 " Si—1, Sy * " Skp1, - - -) = (S0, S1, 52, - - -,
srs(S0, 81, %2, - - -) = 7s(S, %0, S1, S, - - -)-

Notation: 7s(X, X, X, X, . . .) will be written x*.
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w-Semigroups
000®00000

S= ({0,1}, {a}) is an w-semigroup for the following
operations:

m the set {0, 1} is equipped with the usual multiplication,
m every infinite product is equal to a.
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w-Semigroups
0000®0000

A pointed w-semigroup is a pair (S, X), where
m S=(S;,S,) is an w-semigroup,
mXCS,.

S =(S4+, Sw)

The Algebraic Counterpart of the Wagner Hierarchy Jérémie Cabessa



Introduction »-Rational Languages N ner hierarchy w-Semigroups The -hier

[e]e]e]e]e] Jele]e]

Finite pointed w-semigroups are the algebraic
counterparts of Blichi automata.
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w-Semigroups
000008000

Finite pointed w-semigroups are the algebraic
counterparts of Blichi automata.

Theorem

An w-language is recognizable by a finite pointed
w-semigroup iff it is recognizable by a finite Blichi (or
Muller) automaton (iff it is w-rational).
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Introduction »-Rational Languages N ner hierarchy w-Semigroups The -hier

Among all finite pointed w-semigroups recognizing a given
w-rational language L, there exists a minimal one, the
syntactic w-semigroup of L, denoted by Synt(L).
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w-Semigroups The
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Consider the language K = ((a+ b)*a)~.
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Introduction »-Rational Languages The Wagner hierarchy w-Semigroups

[e]e]e]e]e]e]e] Je]

Consider the language K = ((a+ b)*a)~. Then
SyntK) = (S, X), where
m S= ({0,1}, {0”. 1}) defined by the relations

0-0=0 0-1=0 1-0=0 1-1=1
0=0" 10°=0" O01"=1* 11¥=1¥

m X ={0"}.
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w-Semigroups The

0O0000000e

Consider the language L = (a{b, c}* U {b})~.
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Introduction v-Rational Languages The Wagner hierarchy w-Semigroups

0O0000000e

Consider the language L = (a{b, c}* U {b})~. Then
SynfL) = (T,Y), where
m T=({ab,c,ca},{a”, (ca~,0})is defined by

a’=a ab=a ac=a ba= a
b’=b bc=c cb=c c=c
b“=a” c’=0 aa’=a” a(ca)’=a”

ba’=a” b(ca)“= (ca)” ca'=(ca)” c(ca)“= (ca)

mY={a"}.
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The FSG-hierarchy

9000000000000 000

We aim to classify finite pointed w-semigroups. We adopt
a hierarchical game approach.
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The FSG-hierarchy

9000000000000 000

We aim to classify finite pointed w-semigroups. We adopt
a hierarchical game approach.

We transpose Wadge games on  w-semigroups...
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Introduction »-Rational Languages gner hierarchy The FSG-hierarchy Conc
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We aim to classify finite pointed w-semigroups. We adopt
a hierarchical game approach.

We transpose Wadge games on  w-semigroups...
We define the corresponding reduction relation.
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Introduction »-Rational Languages gner hierarchy The FSG-hierarchy Conc

9000000000000 000 OO

We aim to classify finite pointed w-semigroups. We adopt
a hierarchical game approach.

We transpose Wadge games on  w-semigroups...
We define the corresponding reduction relation.
We then describe the resulting hierarchy.
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The FSG-hierarchy

O®00000000000000

LetS=(S,.S,))and T = (T,, T,) be two w-semigroups,
andletalso X C S,andYCT,,.

The infinite two-player game SG(X, Y) is defined as
follows:
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The FSG-hierarchy

O®00000000000000

LetS=(S,.S,))and T = (T,, T,) be two w-semigroups,
andletalso X C S,andYCT,,.

The infinite two-player game SG(X, Y) is defined as
follows:
m Player | plays elements from S,
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The FSG-hierarchy

O®00000000000000

LetS=(S,.S,))and T = (T,, T,) be two w-semigroups,
andletalso X C S,andYCT,,.

The infinite two-player game SG(X, Y) is defined as
follows:

m Player | plays elements from S,

m Player Il plays elements from T,
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The FSG-hierarchy

O®00000000000000

LetS=(S,.S,))and T = (T,, T,) be two w-semigroups,
andletalso X C S,andYCT,,.

The infinite two-player game SG(X, Y) is defined as
follows:

m Player | plays elements from S,

m Player Il plays elements from T,

m players | and Il play alternately, Player | begins,
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The FSG-hierarchy

O®00000000000000

LetS=(S,.S,))and T = (T,, T,) be two w-semigroups,
andletalso X C S,andYCT,,.

The infinite two-player game SG(X, Y) is defined as
follows:

m Player | plays elements from S,

m Player Il plays elements from T,

m players | and Il play alternately, Player | begins,

m Player Il may skip her turn, Player | is not allowed,
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afterw moves

! s SI e i <505152)

afterw moves

Il — tg e v (to, t1, 12, - )
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Introduction ) onal Languages ner hierarchy SG-hierarchy

00®0000000000000 OO

afterw moves

! s SI e i <505152)
N\ /! N\
I — tg coeee- afterw moves (to, ta,t2, -+ )

m Player Il wins the game SG(X,Y) iff

7Ts(507$17 .. ) eX& 7TT(t07t1, .. ) cv.
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The FSG-hierarchy

0O0®0000000000000

afterw moves

! s SI e i (SO-SI;SQs"')
N\ /! N\
I — tg coeee- afterw moves (to, ta,t2, -+ )

m Player Il wins the game SG(X,Y) iff

7T3(507$17 .. ) eX& 7TT<t07t1, .. ) cv.

Definition ( SG-reduction)

We write X <sg Y iff Player Il has a winning strategy in
SG(X,Y).
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The FSG-hierarchy

0O0®0000000000000

afterw moves

! s SI e i (SO-SI;SQs"')

afterw moves

Il — tg e v (to, t1, 12, - )

m Player Il wins the game SG(X,Y) iff

7T3(507$17 .. ) eX& 7TT<t07t1, .. ) cv.

Definition ( SG-reduction)

We write X <sg Y iff Player Il has a winning strategy in
SG(X,Y). And as usual X =sg Y iff X <sg Y <sg X.
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Let S= ({0,1},{070,0"1,11}) be the w-semigroup
defined by the operations:

Introduction

v-Rational Languages h agner hierarchy W 5 The FSG-hierarchy Co

0-0=0 0-1=0 1-0=0 1-1=1
00°=0"0 10°=0"0 01"=0"1 11"=1"1
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The FSG-hierarchy Con
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Introduction

Let S= ({0,1},{070,0"1,11}) be the w-semigroup
defined by the operations:
0-0=0 0-1=0 1-0=0 1-1=1
00°=0"0 10°=0"0 01"=0"1 11"=1"1
m 715(a) = 00 iff a contains infinitely many 0's,
B 7s(«) = 071 iff  contains finitely many 0's,

B rs(a) =1"1iff a = 1v.
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The FSG-hierarchy Col
000®000000000000 OO

Let S= ({0,1},{070,0"1,11}) be the w-semigroup
defined by the operations:

Introduction v-Rational Languages The Wagner hierarchy

0-0=0 0-1=0 1-0=0 1-1=1
00°=0"0 10°=0"0 01"=0"1 11"=1"1

m 715(a) = 00 iff a contains infinitely many 0's,
B 7s(«) = 071 iff  contains finitely many 0's,
B rs(a) =1"1iff a = 1v.

Then {1_>1} <sg {0_)0}
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The FSG-hierarchy

O000@00000000000

Example (continued)

We give a w. s. for Player Il in SG ({11}, {0~0}):

Player |

Player II
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The FSG-hierarchy

O000@00000000000

Example (continued)

We give a w. s. for Player Il in SG ({11}, {0~0}):

Player | 1

Player II
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The FSG-hierarchy

O000@00000000000

Example (continued)

We give a w. s. for Player Il in SG ({11}, {0~0}):

Player | 1

Player II 0

The Algebraic Counterpart of the Wagner Hierarchy Jérémie Cabessa



The FSG-hierarchy

O000@00000000000

Example (continued)

We give a w. s. for Player Il in SG ({11}, {0~0}):

Player | 1 1

Player II 0
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The FSG-hierarchy
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Example (continued)

We give a w. s. for Player Il in SG ({11}, {0~0}):

Player | 1 1

Player Il 0 O
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The FSG-hierarchy
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Example (continued)

We give a w. s. for Player Il in SG ({11}, {0~0}):

Player | 1 1 1

Player Il 0 O

The Algebraic Counterpart of the Wagner Hierarchy Jérémie Cabessa



The FSG-hierarchy
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Example (continued)

We give a w. s. for Player Il in SG ({11}, {0~0}):

Player | 1 1 1

Player Il 0O 0 O
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The FSG-hierarchy
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Example (continued)

We give a w. s. for Player Il in SG ({11}, {0~0}):

Player | b 4 Gl oo oo 171e {11}

Player Il 0O 0 O
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The FSG-hierarchy

O000@00000000000

Example (continued)

We give a w. s. for Player Il in SG ({11}, {0~0}):

Player | b 4 Gl oo oo 171e {11}

Playeril 0 0 0 - - 0-0€ {00}
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The FSG-hierarchy

O000@00000000000

Example (continued)

We give a w. s. for Player Il in SG ({11}, {0~0}):

Player | b 4 Gl oo oo 171e {11}

Playeril 0 0 0 - - 0-0€ {00}

Therefore Player Il wins.
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The FSG-hierarchy
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Example (continued)

We give a w. s. for Player Il in SG ({171},{0~0}):

Player | 1 1

Player Il 0 O
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The FSG-hierarchy
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Example (continued)

We give a w. s. for Player Il in SG ({171},{0~0}):

Player | 1 1 0

Player Il 0 O
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The FSG-hierarchy
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Example (continued)

We give a w. s. for Player Il in SG ({171},{0~0}):

Player | 1 1 0

Player Il 0 O Isuntiltheend
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The FSG-hierarchy
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Example (continued)

We give a w. s. for Player Il in SG ({171},{0~0}):

Player | 110 - .- 0 0or01¢ {11}

Player Il 0 O Isuntiltheend
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The FSG-hierarchy

0000000000000 000

Example (continued)

We give a w. s. for Player Il in SG ({171},{0~0}):

Player | 110 - .- 0 0or01¢ {11}

Player Il 0 O 2Isuntilthe end 0~1¢ {00}
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The FSG-hierarchy

0000000000000 000

Example (continued)

We give a w. s. for Player Il in SG ({171},{0~0}):

Player | 110 - .- 0 0or01¢ {11}

Player Il 0 O 2Isuntilthe end 0~1¢ {00}

Therefore Player Il wins again.
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Definition ( FSG-hierarchy)

The collection of finite pointed w-semigroups ordered by
the <sgrelation is called the FSG-hierarchy.
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Introduction »-Rational Languages The Wagner hierarchy

The FSG-hierarchy Conclusiol
000000®000000000 OO

Definition ( FSG-hierarchy)

The collection of finite pointed w-semigroups ordered by
the <sgrelation is called the FSG-hierarchy.

Proposition ( SG-Borel Determinacy)

Let (S, X) and (T, Y) be two finite pointed w-semigroups.
Then the game SG(X, Y) is determined.
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Introduction ona he r hierarchy 5 The FSG-hierarchy CDI'

0O00000®000000000 C

Definition ( FSG-hierarchy)

The collection of finite pointed w-semigroups ordered by
the <sgrelation is called the FSG-hierarchy.

Proposition ( SG-Borel Determinacy)

Let (S, X) and (T, Y) be two finite pointed w-semigroups.
Then the game SG(X, Y) is determined.

A consequence of Borel Wadge determinacy. A given
player has a w. s. in SG(X,Y) iff this same player has a
w. s. in W(rgH(X), mr H(Y)). O
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Corollary

m The <sgantichains have length at most two.
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Introduction »-Rational Languages N ner hierarchy DS The FSG-hierarchy Conclusion
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Corollary

m The <sgantichains have length at most two.

m If X and Y are incomparable, then X =5¢ Y°©.
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Introduction »-Rational Languages gner hierarchy The FSG-hierarchy Conc

000000000000 000 OO

Corollary

m The <sgantichains have length at most two.
m If X and Y are incomparable, then X =5¢ Y°©.

m The partial ordering <sgis wellfounded on finite
pointed w-semigroups.
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The FSG-hierarchy

3
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The FSG-hierarchy
0000000008000000

The FSG-hierarchy and the Wagner hierarchy are
isomorphic.

L Synt(L)

isom.

‘Wagner hierarchy FSG-hierarchy
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The FSG-hierarchy
0000000008000000

The FSG-hierarchy and the Wagner hierarchy are
isomorphic.

L Synt(L)

isom.

‘Wagner hierarchy FSG-hierarchy

Corollary

The FSG-hierarchy has height w“, and it is decidable.
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0000000000800 000 OO

Completely algebraic decidability procedure: one can
compute the Wagner degree of an  w-rational language
directly on its syntactic image.

-
4

/
/

(S,IX) / \
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Introduction »-Rational Languages The hierarchy 5 The FSG-hierarchy Con

00000000000 e0000 OO

Consider the syntactic pointed w-semigroup of
K= ((a+b)*a)~:
m S= ({0,1}, {0*. 1}) defined by the relations

0-0=0 0-1=0 1-0=0 1-1=1
0r=0" 10°=0" O01"=1* 11¥=1¥

m X ={0"}.
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Example (continued)
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Example (continued)

® >0
0
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Example (continued)
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Example (continued)
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Example (continued)
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Example (continued)

0:0=0 0-1=0 |
1.0=0 1-1=1 -]
00° = 0~ ’
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Example (continued)

0-0=0 0:1=0

1.0=0 1-1=1

00 =0 10" =0~

0¥ =1¢ 11¥v=1v
m X={0}

-’

X

00000000000 0e000

Y

Jérémie Cabessa
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Example (continued)

0.0=0 0-1=0 |
1.0=0 1-1=1 -]
00° = 0° 10° = O~
01 =1 11% = 1¢

mX={0v}
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Example (continued)

0.0=0 0-1=0 |
1.0=0 1-1=1 -]
00° = 0° 10° = O~
01 =1 11% = 1¢
mX={0v}
0

Therefore dsg((S X)) = dw(K) = w, and K is non-self-dual.
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Consider the syntactic pointed w-semigroup of
L = (a{b,c}* U {b})~:
m T=({ab,cca},{a”, (ca~,0})is defined by

a’=a ab=a ac=a ba= a
b’=b bc=c cb=c c=c
b“=a” c’=0 aa’=a” a(ca)’=a”

ba’=a” b(ca)“= (ca)” ca'= (ca)” c(ca)“= (ca)

mY={a"}.
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Example (continued)

mT= ({a b, c, ca}, {a, (ca)“, 0})

a2 fabfacfbafa b?>=b le=dhi=Z=e
b¥ =aa” =a(ca)Y =ba’ =a~ c¥ =0 b(ca)¥ =ca’ =c(ca)* = (ca)¥
mY={a"}.
[ ]
a
[ ]
b
°
C [ ]
ca
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Example (continued)

mT= ({a b, c, ca}, {a, (ca)“, 0})

afabfacfbafa b =b le=dhi=Z=e
b¥ =aa” =a(ca)Y =ba’ =a~ c¥ =0 b(ca)¥ =ca’ =c(ca)* = (ca)¥
mY={a"}.
a
b
c
ca
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Example (continued)

mT= ({a b, c, ca}, {a, (ca)“, 0})

afabfacfbafa b =b le=dhi=Z=e
b¥ =aa” =a(ca)Y =ba’ =a~ c¥ =0 b(ca)¥ =ca’ =c(ca)* = (ca)¥
| Y = {a“’} ca
a c
b
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Example (continued)

mT= ({a b, c, ca}, {a, (ca)“, 0})

afabfacfbafa b =b le=dhi=Z=e
b¥ =aa” =a(ca)Y =ba’ =a~ c¥ =0 b(ca)¥ =ca’ =c(ca)* = (ca)¥
| Y = {a“’} ca
a c
b
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Example (continued)

mT= ({a b, c, ca}, {a, (ca)“, 0})

afabfacfbafa b =b le=dhi=Z=e
b¥ =aa” =a(ca)Y =ba’ =a~ c¥ =0 b(ca)¥ =ca’ =c(ca)* = (ca)¥
| Y = {a“’} ca
a c-
b
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Example (continued)

mT= ({a b, c, ca}, {a, (ca)“, 0})

afabfacfbafa b =b le=dhi=Z=e
b¥ =aa” =a(ca)Y =ba’ =a~ c¥ =0 b(ca)¥ =ca’ =c(ca)* = (ca)¥
| Y = {a“’} ca
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Example (continued)

mT= ({a b, c, ca}, {a, (ca)“, 0})

afabfacfbafa b =b le=dhi=Z=e
b¥ =aa” =a(ca)Y =ba’ =a~ c¥ =0 b(ca)¥ =ca’ =c(ca)* = (ca)¥
| Y = {a“’} ca
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Example (continued)

mT= ({a b, c, ca}, {a, (ca)“, 0})

afabfacfbafa b =b le=dhi=Z=e
b¥ =aa” =a(ca)Y =ba’ =a~ c¥ =0 b(ca)¥ =ca’ =c(ca)* = (ca)¥
| Y = {a“’} ca
c- 2

The Algebraic Counterpart of the Wagner Hierarchy Jérémie Cabessa



The FSG-hierarchy
0000000000000080

Example (continued)

mT= ({a b, c, ca}, {a, (ca)“, 0})

afabfacfbafa b =b le=dhi=Z=e
b¥ =aa” =a(ca)Y =ba’ =a~ c¥ =0 b(ca)¥ =ca’ =c(ca)* = (ca)¥
| Y = {a“’} ca
v /1h0?
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Example (continued)

mT= ({a b, c, ca}, {a, (ca)“, 0})

a? fabfacfbafa b2 =b bc=cb=c2=c
b¥ =aa” =a(ca)Y =ba’ =a~ c¥ =0 b(ca)¥ =ca’ =c(ca)* = (ca)¥
mY={a"}.
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Example (continued)

mT= ({a b, c, ca}, {a, (ca)“, 0})

a? fabfacfbafa b2 =b bc=cb=c2=c
b¥ =aa” =a(ca)Y =ba’ =a~ c¥ =0 b(ca)¥ =ca’ =c(ca)* = (ca)¥
mY={a"}.

2
Therefore dSG((T,Y)) = dW(L) =7,

and L is non-self-dual.
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Therefore (S X) <sg(T,Y), or equivalently K < L.

($,X) I
(TY) II

Player Il
Player |
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Therefore (S X) <sg(T,Y), or equivalently K < L.

S, X) 1 1
(T,Y) I

Player Il
Player |
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0000000000000 00e

Therefore (S X) <sg(T,Y), or equivalently K < L.

S,X) 1 1
(T,Y) II a
Player Il

Player |
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0000000000000 00e

Therefore (S X) <sg(T,Y), or equivalently K < L.

S, X) 1 11
(T,Y) II a
Player Il

Player |
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0000000000000 00e

Therefore (S X) <sg(T,Y), or equivalently K < L.

S, X) 1 11
(T,Y) II a c
Player Il
Player | é
\
G a
; N/
1 0 b

ca
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Therefore (S X) <sg(T,Y), or equivalently K < L.

S, X) 1 11
(T,Y) II a c
Player Il
Player | é
\
5 N/
1 0 b

ca
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Therefore (S X) <sg(T,Y), or equivalently K < L.

SX) I 11
TY) II  a ¢
Player Il

Player |
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Therefore (S X) <sg(T,Y), or equivalently K < L.

SX) I 111
(T,Y) 11 a c

Player Il
Player |
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0000000000000 00e

Therefore (S X) <sg(T,Y), or equivalently K < L.

SX) I 111
(T,Y) 11 a c c

Player Il
Player | é
\
G a
; N/
1 0 b

ca
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Therefore (S X) <sg(T,Y), or equivalently K < L.

SX) I 111
(T,Y) 11 a c c

Player Il
Player | é
\
i N/
1 0 b

ca
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Therefore (S X) <sg(T,Y), or equivalently K < L.

SX) I 111
(T,Y) 11 a c c

Player Il
Player |
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Therefore (S X) <sg(T,Y), or equivalently K < L.

S,X) 1 1110
(T,Y) 11 a ¢ c

Player Il
Player |
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Therefore (S X) <sg(T,Y), or equivalently K < L.

S,X) 1 1110
(T,Y) 11 a ¢ ¢ -

Player Il
Player |
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Therefore (S X) <sg(T,Y), or equivalently K < L.

S,X) 1 11101
(T,Y) 11 a ¢ ¢ -

Player Il
Player |
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Therefore (S X) <sg(T,Y), or equivalently K < L.

S,X) 1 11101
(T,Y) 11 a ¢cc - c

Player Il
Player |

AV
:

1

ca
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Therefore (S X) <sg(T,Y), or equivalently K < L.

S,X) 1 11101
(T,Y) 11 a ¢cc - c

Player Il
Player | é
\
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ca
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Therefore (S X) <sg(T,Y), or equivalently K < L.

S,X) 1 11101
(T,Y) 11 a ¢cc - c

Player Il
Player |
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Therefore (S X) <sg(T,Y), or equivalently K < L.

S, X) 1 111010
(T,Y) 11 a ¢cc - c

Player Il
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Therefore (S X) <sg(T,Y), or equivalently K < L.

S, X) 1 111010
(T,Y) 11 a ¢ ¢ - ¢ ca

Player Il
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Therefore (S X) <sg(T,Y), or equivalently K < L.

S, X) 1 111010
(T,Y) 11 a ¢ ¢ - ¢ ca

Player Il
Player |
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Therefore (S X) <sg(T,Y), or equivalently K < L.

S, X) 1 111010
(T,Y) 11 a ¢ ¢ - ¢ ca

Player Il
Player |
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Therefore (S X) <sg(T,Y), or equivalently K < L.

S, X) 1 111010 ...
(T,Y) 11 a ¢ c - ¢ ca ..
Player Il

Player |
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Conclusion
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Summary:

m The FSG-hierarchy is the algebraic counterpart of the
Wagner hierarchy.
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Summary:
m The FSG-hierarchy is the algebraic counterpart of the

Wagner hierarchy.
m Decidability procedure of the FSG-hierarchy.
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Summary:

m The FSG-hierarchy is the algebraic counterpart of the
Wagner hierarchy.

m Decidability procedure of the FSG-hierarchy.

m One can compute the Wagner degree of an
w-rational language directly on its syntactic
image.
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) @0

Summary:

m The FSG-hierarchy is the algebraic counterpart of the
Wagner hierarchy.

m Decidability procedure of the FSG-hierarchy.

m One can compute the Wagner degree of an
w-rational language directly on its syntactic
image.

m Build a finite pointed w-semigroup of any given
Wagner degree.
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Future work:

m Computer science: towards a simmilar analysis of the
algebraic counterpart of more complex abstract
machines.
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Future work:

m Computer science: towards a simmilar analysis of the
algebraic counterpart of more complex abstract
machines.

m Descriptive set theory: towards an algebraic study of
the Wadge hierarchy.
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Conclusion
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Future work:

m Computer science: towards a simmilar analysis of the
algebraic counterpart of more complex abstract
machines.

m Descriptive set theory: towards an algebraic study of
the Wadge hierarchy.
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