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The Wagner Hierarchy

(hierarchy of w-rational sets)

Let A and B be two Muller automata,

L(A) <w L(B) <4s L(A) is ”simpler” than L(B)
i.e. 3 f cont. s.t. L(A) = f~1(L(B))
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We give a natural game theoretical description...



AUTOMATA THEORY ALGEBRA
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w-semigroup S = (S4+,S,) (J-E. Pin)

e (S,,:) is a semigroup, S, is a set

e : S, ¥ — S, an infinite product



A reduction relation <gg on w-semigroups
Let S=(5.,S,) ,T=(T,,T,) betwow-sgand X C S5, ,Y CT,

X <s¢gY &4 X is ”less complicated” than Y
i.,e. I 7simple” f s.t. (ue X < f(u) €Y)

&4er 11 has a w.s. in the game SG(X,Y)



An infinite two-player game SG(X,Y) on

W-Semigroups

Let S=(5,S,) ,T=(T,,T,) betwo w-sgand X C S, ,Y CT,.

(X) I |sg s1 ... MY (50, 51,89, . - -)
(Y) IT to 11 L, e (to,t1,t9,...)
II wins
def

ms(sgs S15.-.) € X & wp(tg, t1,...) €Y



The SG-hierarchy

The <s; induces a hierarchy on w-subsets



Proposition

The finite SG-hierarchy is classwise isomorphic to

the Wagner hierarchy.

isom.

SG-hierarchy restricted

Wagner hierarchy to finite w-semigroups



Proposition

The finite SG-hierarchy is decidable: given X C S,
we can compute its degree {y in the SG-hierarchy

decide



Linked pairs

Let S, be a semigroup,

(s,e) € S4 x St is a linked pair if

1. se=s

2. e is idempotent (i.e. e’ = ¢)



Linked pair = stable postion in SG-game

Let (s,e) be a linked pair (so se = s and ¢ = ¢),

SG-game
I 11
a4
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Linked pair = stable postion in SG-game

Let (s,e) be a linked pair (so se = s and ¢ = ¢),
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Linked pair = stable postion in SG-game

Let (s,e) be a linked pair (so se = s and ¢ = ¢),
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Linked pair = stable postion in SG-game
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Accessibility relation <,.. between prefixes of

linked pairs

Let (s,e) and (¢, €¢') be two linked pairs,

S Sacc 8, <:>d€f EI t - S_|— S.t. St — S/
<qdef @ player can go from position s

to position s’ in a SG-game

—_ / /
8 =acc 8 =def S SaccS Zacc$
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Coloring idempotents of linked pairs with respect
to an w-subset X

Let S =(5.,5,) be an w-semigroup, (s,¢e) be a linked pair, and
X g Su)’

green if w(s,e,e,...) € X
red if n(s,e,e,...) € X
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Colored tree-representation of an w-subset X

Let S=(5.,5,) be an w-semigroup, and X C S,
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Colored tree-representation of an w-subset X

Let S=(5.,5,) be an w-semigroup, and X C S,
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Let S=(5.,5,) be an w-semigroup, and X C S,
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Colored tree-representation of an w-subset X

Let S=(5.,5,) be an w-semigroup, and X C S,
'
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Colored tree-representation of an w-subset X

Let S=(5.,5,) be an w-semigroup, and X C S,

= algorithm deciding the SG-degree of X follows.



Conclusions

e Develop interactions between Algebra and Game

Theory

e Try to find the algebraic correspondence of other
machines, and characterize the hierarchy of their

languages by this method.



